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PREFACE 


Tiie attention given in elementary text-books on 
engineering theory to the important and interesting 
subject of dimensions varies considerably. In some 
books the subject is ignored entirely ; in some it is 
dealt -with briefly and superficially in an appendix ; 
while in others, the treatment of the subject, although 
adequate, lacks coherence because the references to 
dimensions are incidental. For an orderly and con- 
nected account of the theory of dimensions, books on 
advanced mathematics or specialised monographs have 
to be consulted and works of thi3 character are not very 
suitable for elementary students. There seems to be a 
real need for a small work, dealing entirely with the 
subject of dimensions and their applications to engineer- 
ing theory, in an elementary way. This book has been 
written with the object of meeting this need. 

The opening chapter deals with fundamental units, 
and here an attempt has been made to correct some 
misleading ideas about the unit of mass in so-called 
gravitational systems of units. The basic principles of 
dimensions are then explained in reference to dynamical 
quantities, and the applications of dimensional analysis 
to tho calculation of conversion factors, the checking 
of formulae, and the investigation of tho nature of 
physical laws are then dealt with and illustrated. 
Some difficulties in dimensional theory, usually treated 
rather lightly, are discussed fully, and an attempt has 
been made to show that the inconsistency of the identi- 
cal dimensions of the dissimilar quantities, torque and 
work, can be avoided by the use of an auxiliary dimen- 
sional symbol in rotational dynamics. Reasons are also 
given for the viow that a special dimensional symbol is 
best retained for temperature. In the concluding chap- 
ter, dealing with tho dimensions of electrical quantities, 
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the difficulties which arise from the text-book definitions 

of permittivity and permeability have been explained. 

It is hoped that this book will be acceptable to 
elementary students of all branches of engineering 
theory aa an inexpensive supplement to their regular 
text-books. It is also hoped that the book will be found 
useful and interesting by practical engineers aa a rudi- 
mentary introduction to a branch of applied mathe- 
matics which is of rapidly increasing importance in 
modem engineering theory. 
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CHAPTER I 
UNITS 


Measures of Physical Quantities. Every quantitative 
statement about an objective magnitude is necessarily 
composed of two parts or factors ; a number and a 
statement of the unit of measurement. The number is 
the mathematical ratio of the magnitude to that of the 
specified unit. Similarly, the ultimate end of all applied 
mathematics is the numerical evaluation, by the work- 
ing of an arithmetical sum, of the magnitude of some 
physical quantity which is inferred from the known 
magnitudes of others. The answer to the sum will be 
intelligible only if the unit applicable to the calculated 
number is known with certainly. Thus , the number 4*2 
may be part of the statement of a length, but this num- 
ber is meaningless till it is known whether it refers to 
centimetres, feet, yards or miles, as the case may be. 
Similarly the answer to a calculation of an amount of 
energy may give a numerical answer 4-2, but this is 
unintelligible till it is known whether it refers to ergs, 
foot-lbs., or kilowatt hours. 

Any physical quantity can be completely define d by 
a number and any arbitrarily chosen unit, provided 
that the unit is exactly specified. A collection of units 
for the measurement of physical quantities is known as 
a system of units, and, in such a system, the various 
units may be either arbitrarily defined, or they may be 
made to depend in a simple way on other units. Thus, 
the unit of volume, the cubic-foot, depends in a very 
simple way on another unit, the foot of length, but 
another volume unit, the gallon, has no such simple 
connection with any kind of length unit. An absolute 
system of units is one in which the arbitrarily defined 
units are the fewest possible, and in which the other 
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units are made to depend upon the arbitrarily defined 
units m the simplest way, so that calculations carried 
out in accordance with the fundamental rules of 
geometry or physical science lead to numerical answers 
giving magnitudes in the units of the system. For 
example, the foot of length and the cubic-foot of 
volume form part of an absolute system of units, be- 
cause when the volume of a rectangular tank 4ft. by 

3 ft by 2 ft. is calculated by the rules of mensuration, 
the product 4 x 3 x 2=24 is the answer in units of the 
system, or in cubic feet. The foot and the gallon are 
not units of an absolute system because the answer to 
the sum, 24, has no simple arithmetical relation to the 
volume of the tank in gallons 

Fundamental and Derived Units. The arbitrarily 
defined units of an absolute system are known aa the 
fundamental units. Those units which are made to 
depend on the fundamental unite are known as derived 
units. We have already stated that, m an absolute 
system, the number of fundamental units is as small as 
possible, and, for the measurement of geometrical and 
dynamical quantities, at least three of such fundamental 
units have been found necessary. The choice of the 
three fundamental units to be arbitrarily defined is, 
nominally, unrestricted, but, practically, the choice is 
made in such a way that the units can be specified with 
exact precision, that they can be copied or reproduced 
anywhere, and that they can readily be subdivided. 
The fundamental units chosen in some absolute systems 
are those of the physical entities, length, mass and time, 
which are intuitively felt to be of a fundamental 
character. Of these three units, that of mass is capable 
of the most exact definition, because the mass of a body, 
or the quantity of matter In it, is independent of ex- 
ternal conditions which may be variable within the 
limits of practical experience. The actual material of 
the standard of mass must be one that is not subject to 
chemical change, such as the metal platinum. A 
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definite lump of platinum is therefore an exactly defined 
unit of mass. Such a unit can readily bo duplicated or 
reproduced and subdivided, by means of a lever balance. 

An arbitrary absolute unit of length can be defined 
as the distance between two marks on a bar of some 
material, like that used for the unit of mass, that' is not 
liable to chemical change. Such a length unit can be 
duplicated or copied and subdivided with accuracy. 
We note however that the length unit is not so precise 
as the mass unit. The mass of a lump of matter is 
independent of ordinary temperature changes, but the 
physical size of the lump, and hence the distance be- 
tween two marks on a material bar, will vary if its 
temperature alters. Hence the unit of length has to be 
specified, not only by reference to a material bar, but 
also by the temperature at which the unit is correct, 
and completely to define a length unit, it is necessary 
also to define a stipulated temperature. 

Mass, and length or extension in space, are objective 
properties of matter, so that the unite of these quan- 
tities can be defined by material objects. Time or 
duration is a non-material entity, and a unit of time has 
to be defined in a manner quite different from that of 
the definitions of mass and length units. The basis of 
the practical definition of a time unit is a corollary of 
Newton’s first law of motion, that tho angular speed 
of a body rotating without restraint will bo constant. 
The rotation of the earth on its axis is known to be free 
from all but the most minute restraint, so that tho 
angular speed of rotation is, to an exceedingly liigh 
degree of approximation, constant. The natural time 
unit is the sidereal day, or the interval between two 
successive instants when a fixed star has a specified 
direction relative to the earth’s surface. This time 
interval can be observed with great precision, and it 
can be subdivided by an instrument called a clock, the 
action of which depends either on the counting of the 
isochronous vibrations of n pondulum, or on the 
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measurement of the turning of the rotor of an electric 
motor maintained at a constant and known rotational 
speed by the control exercised by an isochronously- 


units of length and mass may be made to depend upon 
the time unit. Thus the length unit can be defined as 
that of a simple pendulum which, at a definite spot on 
the earth’s surface, ha3 a periodic time which is con- 
nected in a specified way with the absoluto time unit, 
because this periodic time depends only on the length 
of the pendulum and the value of g, the acceleration of 
a freely-falling body due to its weight. The objection 
to such a definition of the length unit is that the simple 


tion time as that of a material pendulum can be found, 
the connection between the physical dimensions of a 
material pendulum and its vibration time is of a recon- 
dite character. It is therefore more convenient, on 
practical grounds, to define the length unit directly and 
arbitrarily rather than indirectly in terms of a time unit. 
Similarly it would be possible to define a mass unit in 
terms of a length unit, as that of a stipulated volume of 
a specified substance. The practical realisation of a 
mass unit derived m this way from a length unit would 
depend on the measurement of a volume and also upon 
the punty of the material occupying this volume. 
Further, such a mass unit would he definite and precise 
only if the temperature were specified. For these 
reasons, it is preferable, on practical grounds, to define 
a mass unit directly and arbitrarily, rather than in- 
directly, in terms of a length unit and a specified sub- 
stance. Length, mass and time units m an absolute 
system are therefore fundamental units, each being 
independently and arbitrarily defined. 
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The derived units of an absolute system which de- 
pend upon, the fundamental units fall into three 
classes ; geometrical units based upon the fundamental 
unit of length ; kine raatical unite based upon the 
fundamental units of length and time ; and dynamical 
units based upon all three fundamental units. "’The 
geometrical derived units are those of area and volume, 
and are defined respectively as the area of a square 
having each side of unit length, and as the volume of a 
cube each edge of which is of unit length. The kinc- 
matical unit of speed is a displacement of unit distance 
in unit time, that of acceleration is that of unit change 
in speed in unit time. The derivation of the dynamical 
derived units is based upon Newton’s second law of 
motion that impressed force on a moving body is pro- 
portional to its mass and to the rate of change of its 
speed or to its mass multiplied by its acceleration, and 
the derived dynamical units are so defined that this 
law takes the more precise form that the measure of 
impressed force is numerically equal to the measure of 
mass multiplied by the measure of acceleration. Thus, 
with a fundamental unit of mass, unit force is that 
which will accelerate unit mass at the rate of unit speed 
in unit time. From this definition the unit of work or 
energy immediately follows ; unit force acting through 
unit distance. Unit power is unit work done in unit 
time. 

We observe that the definition of unit force in the 
preceding paragraph is not the only one possible. An 
alternative, and at first sight more objective definition, 
would be the gravitational attraction of the earth on 
unit mass at a specified position on the earth’s surface. 
It would be necessary to specify a position in the 
definition, because the gravitational attraction of a 
definite piece of matter varies with the latitude and 
with the height above datum sea -level. The gravita- 
tional attraction of the earth acting on a body free to 
fall gives rise to constant acceleration, the magnitude 
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of which is usually denoted by the symbol g, and In all 
absolute systems of units in actual use, g has a numerical 
value different from unity. If the unit of force were 
defined in terms of gravitational attraction, the state- 
ment of Newton’s second law, force = mass x accelera- 
tion, would not be true, for unit force acting on unit 
mass would produce, not unit acceleration, but an 
acceleration of magnitude g 0 , where g 0 is the acceleration 
due to gravity at the place specified for the definition 
of the force unit. Newton’s law would therefore have to 
be stated in the form, force = mass x acceleration -rg a . 
It would be more complicated, and would involve a 
quantity ff a that would have to be experimentally 
determined As the object of the definition of the 
derived units of an absolute Bystem is that fundamental 
dynamical laws are stated in the simplest manner 
possible, unit force is defined as that which produces 
unit acceleration of unit mass, so that Newton’s basic 
law can ho stated in the simplest and most general 
form, force = mass x acceleration. 

The weight of a body, or the gravitational attraction 
of the earth exerted on it, is a force which, in an absolute 
system of units, is numerically equal to mg, where m is 
the mass in absolute units and g is the acceleration due 
to gravity at the place where the body is weighed, for 
this force accelerates the mass by the amount g. The 
weight of a body is therefore proportional to g. The 
weight of a body has a precise numerical connection 
with its mass only if a definite position on the earth’s 
surface is defined, at which the value of g is known. 
We shall see the importance of this idea a little later in 
our consideration of an absolute system in which the 
fundamental units are differently chosen from the way 
described above. 

C.G.S, Absolute System of Units. This is the system 
used in scientific calculations The unit of length is 
the centimetre, defined, as of the legal metre which 
is the distance between the ends of a platinum rod at a 
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temperature of 0 degrees C. The unit of mass is the 
gram, defined as rooo of the legal kilogram which is the 
mass of a piece of platinum. The unit of time is the 
second, which is the 86,400th part of a mean solar day. 
A solar day is the time interval between two successive 
instants at which the centre of the sun’s disc appears 
due south at one spot on the earth’s surface. Owing to 
the facts that the speed of the earth in its orbit is not 
constant, and that the earth’s axis is not perpendicular 
to”the plane of the orbit, the actual length of the solar 
day varies considerably throughout the year. The 
mean or average value of the solar day during a year is 
connected with the invariable sidereal day by the rela- 
tion that one sidereal day is equal to 23 hours, 56 
minutes, 4*09 seconds of mean solar time. 

The metre of length upon which the C.G.S. absolute 
system is based was intended to be the one ten-millionth 
part of the distance between the north pole jmd the 
equator on the earth’s surface. The kilogram was 
intended to be the mass of 1000 cubic centimetres of 
water at 4 degrees C. These relations are now known 
to be only approximate, and the actual definitions of 
the metre and the kilogram, and hence of the centi- 
metre and the gram, are arbitrary, and in terms of 
objective material objects. 

The table on p. 8 gives the fundamental and derived 
units of the c.G.s. system. 

The drawback of the c.G.s. system is the exceedingly 
small magnitudes of the dynamical units. The dyne 
of force is about equal to the one 28,000th part of the 
weight of an ounce. The erg of work is equivalent to 
that required to raise one thousandth part of an ounce 
through a distance of one seventieth of an inch. 

M.K.S. System of Units. The fundamental units in 
this system are the metre of length, the kilogram of 
mass, and the second of time. The units of length and 
mass are identical with the legal units referred to in the 
definition of the c.g.s. units. The table on p. 8 gives 
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C.G.S. System of Units 

Distinctive 

Unit 

How defined 
FUNDAHBNXAX. UNITS 

Name 

Length 

ToTT of legal metre 

Centimetre 

Masa 

°f legal kilogram 

Gram. 

Tune 

■aglao of mean solar day 
Derive n Units 

Second 

Area 

Square centimetre 

* 

Volume 

Cubic) centimetre 


Speed 

Centimetre per second 


Accelera- 

Centimetre per second per 


tion 

second 


Force 

Accelerates 1 gram by 1 centi- 
metre per second per 
second 

Dyne 

Work or 

One dyne acting through 1 

Erg 

Energy 

centimetre 

Power 

One erg per second 


Stress 

One dyne per square centi- 
metre 

M.K.S. System of Units 

Distinctive 

Unit 

How defined 

Name 

Length 

The legal metre 

Metre 

Mass 

The legal kilogram 

Kilogram 

Time 

The c G-S. second 

Second 

Area 

Square metre 


Volume 

Cubic metre 


Speed 

Metre per Becond 


Accelera- 

tion 

Metre per second per second 


Force 

Accelerates 1 kilogram by 1 
metre per second per 
second 

Newton 

Work or 

One newton acting through 

Joule 

Energy 

one metre 


Power 

One joule per second 

Watt 
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the fundamental and derived units of the m.k.s. 
system. 

The * newton 1 force unit of the m.k.s. system is 
roughly equal to the weight of a quarter of a pound, 
and is a much more convenient magnitude than the 
c.G.s. force unit. The energy and power units of the 
M.K.S. system are identical with thoso used by electrical 
engineers. 

Auxiliary units of the M.K.S. system are those having 
a simple numerical relation to the defined units. Thus 
the kilowatt of power is equal to 1000 watts. The 
kilowatt-hour of energy is equal to 3600x 1000 = 
3,600,000 joules. 

F.P.S. System of Units. In this system the unit of 
length, the foot, is defined as one third of the British 
legal yard which is the distance between transverse 
lines on gold plugs in a bronze bar, at 62 degrees F. 
The unit of mass is the legal pound, which is that of a 
definite piece of platinum. The unit of time is the 
second, defined as in the c.G.s. system. The derived 
units are defined as in the c.G.s. and m.k.s. systems and 
these units are given in the following table : 



F.P.S. System of Units 

Distinctive 

Unit 

Bow defined 

Name 

Length 

One tliird of a legal yard 

Foot 

Mass 

The legal pound 

Pound 

Time 

The c.Q.s. second 

Second 

Area 

Square foot 


Volume 

Cubic foot 


Speed 

Foot per second 


Accelera- 

Foot per second per second 


tion 

Force 

Accelerates one pound by one 

Poundal 

Work or 

foot per second per second 
One poundal acting tlirough 

Foot- 

Energy 

one foot 

poundal 

Power 

One foot-poundal per second 
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The unit of force in the f.p.s. system is about equal 
to the weight of half an ounce. This system is never 
used in practical scientific or engineering work, and it 
appears only in books on theoretical mechanics. 

British Engineers’ Gravitational System of Units. 
This Bystem of units differs radically from the three 
preceding systems in that the fundamental units are 
those of length, force and time, and that mass is a 
derived unit. The units of length and time are the 
same as in the f p.s. system ; the foot and the second, 
respectively. The derived units of area, volume, speed 
and acceleration are, likewise, identical with the 
corresponding units of the f.p.s. system. The funda- 
mental unit of force in the Gravitational system of 
units Is the gravitational attraction on the weight of a 
legal pound of matter at London. To distinguish be- 
tween pounds weight of force in the Gravitational 
system and pounds of mass in the r.r s. system, the 
force unit is generally denoted by the abbreviation lb. 
As in the other absolute systems, the derived force unit 
is bo defined that Newton’s second law can be stated in 
the form, force — mass x acceleration, so, in the Gravi- 
tational system, unit mass is defined as that which acted 
upon by unit force will be accelerated by unit amount, 
or by one foot per second per second, bo that in the 
Gravitational units, force = mass x acceleration The 
unit of work or energy in the Gravitational system is 
1 lb. of force acting through 1 foot, and is called the 
ft. -lb. The power unit is one ft.-lb. per second. 

We must consider very carefully what the mass unit 
in the Gravitational system really is. Unit force is 
defined as the gravitational weight of a legal pound of 
matter at London. If such a legal pound falls freely, 
then the force of its own weight, of unit magnitude, will 
accelerate it by g 0 units, where g„ is the acceleration of 
gravity at London, in Gravitational length and time 
units, or in feet per second per second. I«t m l stand for 
the measure of the mass of a legal pound in derived 



Try its 


11 


Gravitation?.! units. Then as unit force accelerates m x 
units of mass by g 0 acceleration units, we have, from the 
law, force = mass x acceleration, I —m l xg a , so that 

m lf tlie mass of the legal pound, is — Gravitational 

units. Thus the unit of moss in the Gravitational unit 
is equal to g 0 legal pounds, or very nearly 32-2 pounds. 

We can put this matter another way. Acceleration, 
with, constant force, is inversely as mass. Unit force 1 
accelerates a legal pound by g 0 feet per second per 
second. Therefore unit force will accelerate g a legal 
pounds by 1 foot per second per second, and the 
Gravitational mass unit is g 0 times the legal pound of 
mass. We note that the number g Q is the acceleration 
of gravity at a definite place — London. 

Suppose that we have a lump of matter of unknown 
mass in legal units at- some place other than London, 
where the acceleration due to gravity, g, is different 
from g c , its value at London. How is the mass of this 
lump of matter in Gravitational units to be found? In 
practice the legal mass of a body is found in one of two 
ways. The first is by a lever balance, and this method 
is a true comparison of masses. If the lamp of matter 
is so found to have a mass of n legal pounds, this will 
be its mass in legal pound units at London, for mass is 
independent of position on the earth’s surface. The 
mass of the lump of matter in Gravitational units will 

therefore be where g a is the acceleration due to 

gravity at London. If however a spring balance is 
used to determine the mass, the instrument will give 
a reading corresponding, not to true mass, but to 
g r avit ational weight, or to lbs. of force. This weight is 
directly proportional to g, the acceleration due to 
gravity at- the place where the weighing is done. A 
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so that, denoting the spring balance weight by to, we 

have w—nx~ and The mass in Gravita- 

ffo 9 

tional units — i3 therefore equal to — ■ Thus mass, in 
9o 9 

f% ’L-i’- • ", • ’ « * 


The Gravitational unit of mas3, g 0 pounds, is sometimes 
called the slug. 

The following table gives the fundamental and de- 
rived units of this Gravitational Bystem of units : 


British Engineers' Gravitational System of Units 


Unit 

How defined 

Distmctuc 
Name or 

Length 

Fundamental ‘Units 

One third of a legal yard 

Symbol 

Foot 

Force 

The gravitational attraction 

lb. 

Time 

or weight of a legal pound 
of matter at London 

The cos. second 

Second 

Area 

Derived Units 

Square foot 


Volume 

Cubic foot 


Speed 

Foot per second 


Accelera- 

Foot per second per second 


tiou 

Mass 

Accelerated one foot per 

Slug 

Work or 

second per second by unit 
force 

One lb acting through 1 ft 


Energy 

Power 

One per second 
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We may emphasise, in concluding this section, two 
points about the British Engineers’ Gravitational Sys- 
tem of Units. First, it is a true absolute system : the 
three fundamental units of length, force and time are 
exactly and arbitrarily defined, as are the units of 
length, mass and time in the other absolute system, 
while the derived Gravitational units, including that of 
mass, are obtained by the simplest application of 
geometrical and dynamical principles. Secondly, the 
absolute character of the system dependa upon the 
specification, in the definition of the force unit, not only 
of a piece of matter but also of a definite spot on the 
earth’s surface, London. Strictly speaking, this spot 
should be defined precisely by latitude, longitude and 
height above a datum, but for all practical purposes 
London is sufficiently exact. The British Engineers’ 
Gravitational System has often been criticised on the 
ground that it is lacking in the precision of a true sys- 
tem of units and that the mass unit is not a constant 
.quantity : such criticisms seem to be due to a failure 
to apprehend the vital point that locality must be, and 
actually is, specified in the definition of the fundamental 
force unit. The Gravitational system of units can be 
justly criticised on the ground that the fundamental 
force unit can be reprodu ced _ only_afc ono place, London, 
unless a local characteristic, the value of g, is known. 
But this drawback i3 of little practical consequence. 

An important auxiliary unit of the Gravitational 
system is the horse-power, which is equal to 550 power 
units, or 550 ft. -lbs. per second. 

Numerical Relations of Units. The fundamental 
timo unit is the same in all the absolute systems that 
have been considered, the second. There are three 
different units of length, the centimetre, the metre, and 
the foot. The centimetre and the metre are simply 
related. 1 metre = 100 centimetres, while the foot and 
centimetre are connected by the relation 1 foot= 
30-4797 cms. The two mass units, the gram and the 
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pound are connected by the relation 1 pound = 453-5 93 
grama. The M K.s. kilogram unit is 1000 grams. As 
the Gravitational mass unit is y 0 pounds, or 32’ 191 
pounds, any unit of length or mass can be expressed 
numerically in terms of any other. A number which 
indicates the ratio of two units of the same kind is 
called a conversion factor. We shall see later that from 


Angle. Angle is a quantity which enters into many 


is a measure of an amount of turni ng or rotation- The 
geometrical unit of angle Is the right angle, which is 
subdivided into 90 degrees, the degree being further 
subdivided either sexagesimally into 60 minutes each 
equal to 60 seconds, or decimally. A second unit of 
geometrical angle is the radian, defined as that between 
two radii of a circle which define an are of the cir- 


radians, one revolution being equal to 2 jt radians. 

Angular speed is measured either in revolutions per 
second or in radians per second. Angular acceleration 
is likewise measured either in revolutions per second per 
second, or in radians per second per second. 




CHAPTER II 

ELEMENTARY THEORY OE DIMENSIONS 

Basic Ideas. We have seen in the preceding chapter 
how, after fixing arbitrarily a suitable number of 
fundamental units, all the other units of an absolute 
system requisite for the measurement of dynamical 
quantities can be derived from these fundamental units. 
Every derived unit depends on one or more of the 
fundamental units, and tho connection of the derived 
units and the fundamental units can be stated verbally 
by an enunciation of the basic principle by which the 
derived unit has been fixed. The connection of a 
derived unit with the fundamental units, or the manner 
in which the measurement of a physical quantity 
deponds upon the fundamental units of measurement,, 
can be expressed in an al gebr ai c or s ymbolic formula,' 
and as we shall see hereafter, such a symbolic notation 
is a powerful instrument for several kinds of practical 
calculations. A s 3 Tnbolic statement of this kind is 
called the/hmensions of the physical quantity to which 
it refers, or of the unit by which this physical quantity 
is measured. 

We can illustrate the basis of this idea by a simple 
concrete example. Suppose that the size of a rectangle 
is 4 length units by 2 of the same length units. Then, as 
we have seen, tho measure of its area in the derived 
units of an absolute system will be 4 x 2 area units. 
This can be expressed in the following way : 

4 length units x 2 length units = 8 area units. 

Let the symbol [L] stand for the phrase £ length unit ’ 
and [A] for the phrase * area unit ’, then the preceding 
equation can be put in the form : 

4[L]x2[L]=8[A] 

15 
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and treating [L] and [A] as algebraic quantities 
8[£] x [£] =8[Z*] = 8[X] 

So that [A] = [.L*], and this equation is a symbolic 
statement of the fact that the unit of area in an ab- 
solute system is that of a square, each side of which is one 


[JLf] and [T], for mass and time are quite irrelevant to 
area measurement We can indicate the fact that area 
is independent of [Af] and [T] symbolically by writing 
[A] = [IS] x [A/°J x 

for, by the rules of algebra, the zero-th power of any 
quantity is unity so that [M°] and \T°] are each equal 
to 1. The symbolic statement [4] = [M 0 1ST°] is called 
a dimensional equation : it shows how the unit of area 
depends upon the fundamental units of length, mass 
and time. The dimensions of area are therefore said 
to be 3f», L\ and T\ 

A similar kind of argument can be used to show the 
dimensions of a derived unit of volume. If a rectangular 
tank measures 4 length units by 3 length units by 
2 length units its volume will be 

24 volume units = 4 length units x 3 length units 

x 2 length units, 

and, by letting the symbol [ V ] Btand for the phrase 
‘ volume unit this equation is the same as, 
24[V]=4[L] x 3[L] x 2 [L] 

bo that, with the same convention that [ T] and [L] can 
be treated as algebraic quantities, 

[V]=[Z"J. 

As volume, like area, is quite independent of units of 
mass or time, a fuller statement of the dimensions of 
the volume unit is. 


[V]=[M a L 3 T°] 
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Dimensions of Physical Quantities. The underlying 
idea in the preceding simple arguments was the assign- 
ing of a symbol for the fundamental units of measure- 
ments in an equation or sum for the calculation of some 
concrete or objective quantity, and by the treatment of 
this symbol as an algebraic quantity. The resulting 
dimensional equation, horn which actual sizes of the 
measurements have been eliminated, is not exactly an 
equation in the usual senso in which the sign of equality, 
=, stands for identity of magnitude. In the dimen- 
sional equation = the sign of equality is a 

symbol indicative of the kind of dependence of a 
derived unit on the fundamental units of the system to 
which this derived unit belongs. By the application of 
this idea of symbolic representation of fundamental 
units, the dimensions of other derived units of an 
absolute system can he worked out. Wo have, so far, 
regarded the fundamental units of mass, length and time 
as dimensionally fundamental. In other words, tho 
dimensional statements about derived units are mado 
in terms of tho symbols [If], [L] and JT]. TJiis 
is customary, but not obligatory, and we shall return 
later to the matter of tho choice of tho units to which 
fundamental dimensional symbols are assigned. 

The derivation of the dimensions of area and volume 
are so simple as to be almost trivial. The next simplest 
quantities measured by derived units are speed and 
acceleration. Let us consider the case of a body which 
moves through 4 length units in 2 time units. Tho 
computation of its overage speed during this time 
interval will bo represented by the equation 


2 speed units = 


4 length units 
2 time units 


and using the symbol [t>], for ' speed unit,’ we havo, as 
bofore. 
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Thus > which is often expressed in the form 

[v\=LT~ 1 . As speed has nothing to do with mass, the 
complete statement of the dimensions of [v] is, 

[e]=[5T 0 I/r- 1 ]. 

As the dimensional symbol [T] is in the denominator 
of a fraction, or bears a negative index, we infer at once 
that if the time unit of measurement is, say, increased, 
the speed unit will be reduced proportionally, and vice 
versa. 

The two equivalent statements of the dimensions of 
speed, y , and LT~ X have different appearances, and 

the first or fractional statement is the easier to read by 
those unaccustomed to mathematical symbolism. The 
notation in which symbols in the denominators of 
fractions have negative indices is however superior 
for purposes of more advanced calculations, and the 
reader is advised to accustom himself to this index 
notation 

If the speed of a body changes from say 4 units to 
zero in 2 time units, its average acceleration during 
this time period will be computed by the equation 


2 acceleration units = 


4 s peed units 
2 time units 


If [<i] stands for ‘ acceleration unit,’ this will be equi- 
valentf'tG : 


2[«J=; 




2[T] * 


by substituting the value of [v] we have already ob- 
tained, we find 




The dimensions of acceleration are therefore LT *, or 
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more fully, M°LT~ Z , since acceleration is independent 
of mass. 

The dimensional equation or formula for the dimen- 
sions of acceleration is, perhaps, not quite so obvious as 
those for area, volume and speed. The fact that tho 
square of [7] appears in the denominator of the 
dimensional formula shows that in a statement of a 
measure of acceleration in terms of fundamental units, 
the time unit must be twice mentioned. Thus an 
acceleration will bo stated as so many, say, feet per 
second per second. This latter part of tho statement is 
sometimes abbreviated to ffc./Beo. 2 , but of course a 
second squared, or a square second has no objective 
meaning as a square foot has. 

If a body of, say, 4 mass units is accelerated by 2 
units of an absolute system then, by Newton’s second 
law, the force required to produce this acceleration is 
computed by the following equation 

8 force units = 4 mass units x 2 acceleration units. 

And, if [J’J stands for ‘force unit/ by using the dimen- 
sional formula for acceleration unit already found, wc 
have 

and the dimensions of force are said to be ~~ or 
MI/P-K 1 

If 8 units of force act through 2 length units, the 
work done is found from 

16 work units =8 force units x 2 length units, 
so that if [IF] stands for * work unit ’ 


and the dimensions of work are or ML"T~ Z . 
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As stress is force per unit area, we now see, without 
intermediate steps that the dimensions of stress are 

[D __ 

Similarly, as power is work done in unit time the 
dimensions of power are 


[Af* T* * L *~LT'~ ML ' T S 


IELim? im 

ryi y* s MdJ 1 ■ 


The reader will have noticed that the dimensional 
formulae for the dynamical quantities, force, work, 
power and stress, are by no means as obvious as those 
for the geometrical and kinematic quantities, such as 
area and speed. The dimensional formula for work 

will repay a little thought at this stage. It is and 

as the dimensions of speed [v] are ^ , an equivalent state- 
ment of the dimensions of work is [M] x [»*]. This 
shows that a physical quantity, the mass of a body 
multiplied by the square of its speed, has the same 


xuj speeu ami ius mass, ami n Luo spetsu a.nu maas are 
denoted respectively by v and m, then the quantity mv a 
has the same dimensions as work. If we could assume 
that physical quantities of the same inherent nature 
have the same dimensions, we could infer that the 
kinetic energy of a body is proportional to mv 1 , fox ■me* 
is a physical quantity of the same inherent character as 


its mass and speed, even though m and v are each 
measured in the units of an absolute system, for the 
work unit of such a system is defined in terms of an 
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accelerating force and a length unit; and not, as it might 
conceivably be, as equivalent to the kinetic energy of 
unit mass moving with unit speed. We shall return to 
the point later. 

Dimensional Properties of Materials. Quantitative 
statements about the physical properties of material 
bodies, like geometrical, kinematical and dynamical 
quantities, depend generally on units of measurements, 
and this dependence can be expressed by dimensional 
formulae. Two of the simplest properties of a material 
are its density and its specific gravity at a stipulated 
temperature. The density of a substance is defined as 
the mass of unit volume. By an argument similar to 
that used in the previous section, we see that the 
dimensions of density are obtained as those of 
mass volume? or 

[donsity] = M = If -If =ML-‘T°. 


The specific gravity of a substance is defined as the 
mass of a stipulated volume of the substance divided 
by the mass of the same volume of a reference sub- 
stance, water for solid or liquids, air or hydrogen for 
gases. The dimensions of specific gravity are therefore 


= or, more fully, M 0 L°T°. In other words, 


specific gravity is independent of all units of measure- 


ment ; it is said to be a quantity of zero dimensions, 
or, otherwise, to be a dimensio nless quantity. The 
difference between density ancTspecifio gravity should 
be carefully noted. The density of say mercury, in the 
f.p.s. system of units, 849 pounds per cubic foot, is very 
different from its density in tho c.Q.s. system, 13'590 


grams per cubic centimetre. Its specific gravity, 
13-596, is however independent of units of measure- 


ment, and is the same whether the masses of equal 


volumes of mercury and water are measured in grams, 
pounds, slugs, or in terms of any other mass units. 
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The circumstance that the density of a body in c G.s. 
units is, for all practical purposes, equal to its specific 
gravity is due to the non-essential fact that the c.G.S. 
unit of mass is very approximately equal to that of unit 
volume, one cubic centimetre, of water. 

Elasticity is a property of materials which may be 
approximately defined as the ratio of stress to reversib le 
strain. We have already seen that the dimerusions oT 

stress are •£?==— ML -1 T~*. Strain is defined as the 


fractional change of volume or of shape. Volumetric 
strain therefore has the dimensions = 1 = JU°L 0 T°, 

and it is a dimensionless quantity. Shear strain or 
fractional change of shape can likewise he shown to be 
dimensionless As the dimensions of strain are repre- 
sented by the non-dimensional number 1, the dimen- 
sions of elasticity or of B f r — , will he the same as those 
jlf strain 

of stress or y— =zML- x T~*. 

f 4 JL 

Surface tension is a property of liquids defined as the 
force perunitjen gth of the boundary of the surface of 
the liquid The dimensions of surface tension are 
therefore those of a force divided by a length or 

— L=^-=MT~*. We see at once that this 


dimensional formula is the same as that of a quantity 
defined as energy per unit area, for this latter quantity 

will have the dimensions - y 8 ~ ~L 2 —^ . Therefore, 


surface tension can be defined as the energy per unit 
area of the surface of a liquid The dimensions of sur- 
face tension are fully Btated as and the 

measure of surface tension is independent of the length 
unit. 

The viscosity of a fluid is defined in terms of its flow 
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in parallel stream lines orer a fixed horizontal surface, 
as tlie force per unit area required to maintain the 
flow, divided by the change in the speed of the fluid per 
unit change of the distance from the fixed surface. 
The dimensions of viscosity are therefore found from 
the expression : 

force . speed 
area ' distance 


and, substituting the known dimensions of the factors 
of this expression we obtain the dimensions 


r ML 
|_rr* 




=— X T=~-ML~ l T^ 

LT * X1 LT 1 ' 


The kinematic viscosity of a fluid is defined as its 
viscosity divided by its density. The dimensions of 
kinematic viscosity are therefore found by dividing 

ML~ l T~ l by those of density, ^ , and are 


LT'I? T • 


Choice of Fundamental Dimensions. The preceding 
calculations of the dimensions of various physical quan- 
tities are all made in terms of the fundamental dimen- 
sions of mass M, length L and time T. These are the 
fundamental units in the C.G.S., the M.K.S. and the F.P.S. 
systems of units. There is no essential need for the 
fundamental dimensions in dimensional formula to be 
those of the fundamental units of any particular system. 
As fundamental units can be chosen arbitrarily, so long 
as they are explicitly and exactly defined, so funda- 
mental dimensions can be arbitrarily chosen. Thus it 
would bo quite feasible to make the fundamental 
dimensions those of force 'F, length L and time T, to 
correspond to the fundamental units of the British 
Engineers’ Gravitational System of units. With these 
fundamental dimensions, the derived dimensions of 
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energy and power would be respectively [FL\ and 
fF Z/T- 1 } and would be simpler than those derived above. 
Mass would, however, have derived dimensions, 
T* 

force —acceleration, or F x-=-=i' , Xr 1 jP , 1 while the 
Jb 

dimensions of density or mass —volume would be 
FT* 

y K =F£i~*T t . The use of the dimensions of mass, 
length and time, as fundamental dimensions, to agree 
with the fundamental units of the scientific c.a s. sys- 
tem, has the advantage that, in the long run, it leads to 
the simplest dimensional formulae Apart from this 
consideration, the use of M, L and T is intuitively felt 
to be naturally most fitting, because mass, length, and 
time are the fundamental entities of physical science 
Dimensionless Quantities. We have already seen that 
certain objective quantities relating to material sub- 
stances are independent of the units of measurement, 
and, having zero dimensions in terms of mass, length 
and time, can be termed dimensionless. These quan- 
tities are specific gravity and strain, each measured as 
the numerical ratio of two similar dimensional quan- 
tities. A large number of quanti ties enter into engineer- 
ing and phj'sical calculations, which have tins inherent 
property, that they are dimensionless, and are quite 
independent of units of measurement. Dimensionless 
quantities are of three _ •principal kinds ; conversion 
factors or the ratio of the measures of the same quantity 
in two different Bystems of units , dimensionless vari- 
able quantities like specific gravity and strain ; and 
fundamental numerical constants 


centimetres The number 30 4797 is most simply 
regarded as the result of measuring a foot length in 
centimetre units, but it will indirectly be obtained as 
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the ratio of the measures of the foot and centimetre 
lengths in terms of any other unit. Thus these tiro 
lengths might each be measured in inch units ; the ratio 
of these measures, 12 inches to 0-3937 will be equal to 
the basic factor 30-4797. So, the basic conversion factor 
in the statement that 453-593 grams is equal to 1 pound, 
would be obtained by comparing the measures of the 
pound and the gram of mass in, say, ounce units. 
Conversion factors are thus dim ensionless numbers, and 
independent of units of measurement. For every unit 
in an absolnte system there is a conversion factor 
which expresses its measure in the units of another 
absolute system. Thus the conversion factor for the 
units of power in the m.k.s. and the Gravitational 
systems of units is expressed implicitly in the statement 
that 550 ft. -lbs. per second is equivalent to 746 watts. 
"We shall see in the next chapter how conversion factors 
for derived units are calculated from the basio factors 
applicable to the fundamental units. 

There is another kind of conversion factor which 
enters into commercial calculations when, for the sake 
of convenience, two or more units of the same quantity 
are in use. Thus, in this country, several units of 
length are in use, ranging in magnitude from the inch 
to the mile, and a typical conversion factor applicable 
to this system of length units is contained in the state- 
ment that 1 mile = 1760 yards. Conversion factors of 
this kind enter only indirectly into scientific and 
engineering calculations because, once the unique unit 
of measurement has been chosen, all quantities must be 
expressed in terms of this unit, however large or how- 
ever small they may be. In a scientific calculation 
based upon the c.G.s. system, for instance, all lengths 
must be expressed in centimetres, all masses in grams, 
and all time intervals in seconds, otherwise the answer 
to the calculation will not be in terms of the appropri- 
ate derived unit of the C.G.S. system. 

We have seen that, although the dimensions of work 
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or energy are those of a mass multiplied by the square of 
a velocity, the kinetic energy of a body of mass m, 
moving with speed v, is not necessarily equal to tnt ,s in 
the energy unite of the system of units in which m and 
v are measured Actually, kinetic energy is equal to Jmt*. 
The in this formula is an example of a fundamental 
dimensionless numerical constant, and the manner in 
which this constant is derived will be worth a little study. 
The kinetic energy of the body or the work it can do by 
the loss of its speed, can be calculated in two ways. The 
first is by the use of the calculus If the speed v is 
reduced, the foTce exerted by the moving body is m 

multiplied by its negative acceleration, orm^, and the 

work done as the body moves through a distance da will 
be 

m Y7 xds = mdv x~a=mv dv. 
at at 

The total work done by the body by the total change 
of speed from v to zero will therefore be : 


n I vdv— 
Jo 


Jmr*, 


by acceleratic T' • ’ ‘ ' ' ‘ ‘ 1 

a numerical 

r dv ; it is 1 „ „ 

differential expression. 

We can, however, derive the expression %mv* in 
another way, without using the calculus. Assume that 
the body loses its speed at a constant time rate, and that 
the time for the whole loss of speed is t u during which the 
body moves through a distance s t . The constant 

acceleration is — , and the constant force exerted through 
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the distance s, will be — , so that tho work done by the 

body in losing its speed will be — . But ^ is the 
fr fi 

average speed during the time f l5 and as the spaed 
decreases at a uniform rate the average will be equal 

to one half of the initial Bpeed v. Thus ~=\v, so that 

the work dono is equal to |mir. The l in this formula 
is the ratio of the average to tjio initial speed when the 
actual speed changes at a uniform rate. This } is of the 
same character as the \ in the formula for the area of a 
triangle, J the base multiplied by the height, or the § in 
the corresponding formula for the area of a parabolic 
segment. Regarded as a constant of integration, tbe 
£ is a pure number, independent of all objective con- 
siderations, and depending only on tbe algebraic form of 
the differential expression v dv. 

7T is a number which'enters largely into scientific and 
engineering calculations. It is usually defined ob- 
jectively as the ratio of the lengths of the circumference 
and the diameter of a circle, and according to thiB 
definition, tt is the ratio of two quantities of the same 
character. Actually, however, tt can bo regarded as a 
pure number because, numerically, it is tho sum to 
infinity of the following convergent series : 


4 H + r?~) 


where it is expressed in terms of tho natural and ab- 
stract integers. 

e is another dimensionless quantity of frequent 
occurrence in scientific calculations, e is usually defined 
as a pure number, and as the sum to infinity of the 


but e can also bo defined geometrically in terms of the 
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rectangular hyperbola as it is in terms of tho circle. If 
the equation to the hyperbola is xy=l, then e is 
| the abscissa, the ordinate of which, with the ordinate 
j rc=l, the curve, and the horizontal axis, defines unit 
area. 

Fundamental numerical constants are independent 
of units of measurements and are dimensionless. The 
i in the kinetic energy formula is independent of 
whether the measure of energy is ergs in the c.o.s. 
system, or ft -lbs. in theBntish Engineers’ Gravitational 
system. We shall see later that not all numbers enter- 
ing into engineering formulae are of this non-dimensional 
character and that one of the important applications 
of dimensional theory is to distinguish between the 
dimensionless constants and the dimensional numbers, 
which are dependent upon the system of units, and are 
therefore valid for one system only. 

Angular Magnitudes. Angle, in its kinematic sense 
of amount of turning, is, as we have seen, commonly 
measured either in revolutions or radians. If a straight 
hue turns about one fixed end, the angle described in 
radians is equal to the distance traversed by the moving 
end divided by the length of the line, the same unit 
of length being used for each measurement. The 
dimensions of angle therefore correspond to those of the 

fraction -r—rrr- , end these dimensions are those of 
^ length 

y~l, and are consequently all zero. 

JLi 

Angle is therefore a dimensionless quantity, inde- 
pendent of units of mass, length, and time. The units 
- ’ - ■ ■ 41 ' -adian, are in 

' igle differs in 
. quantities ; 

it is inherently a variable, in its kinematic sense, and 
its measure, although independent of mass, length and 
time units, depends upon the particular fundamental 
angular unit used for the measurement. 
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Angular velocity or speed is defined as angular 
movement in unit time, and its dimensions are those of 

, or, as the dimensions of anule are zero, i=F -1 , 
time - T 

or, more fully, if 0 £ 0 F -1 . Thousualunitsofangularspeed 
are the revolution per second and the radian per second. 

The number of periodic occurrences that occur in unit 
time is known as the frequency. Since a number of 
occurrences is counted, this number is essentially 

dimensionless. ~ or T~ l therefore also gives the dimen- 
sions of a frequency. 

Angular acceleration is the change of angular speed 
in unit time. Its dimensions are those of the fraction 

^j£?j £ £ £ P £. ec ! Qn d are therefore ~^T or ~=F _Z , or 
time T T 3 

more fully M°L c T~ a . The usual units of angular 
acceleration are the revolution per second per second, 
or the radian per second per second. 

The phase of a periodic quantity is the fraction of the 
periodic time that has elapsed since an arbitrarily fixed 
instant. The dimensions of phase are therefore those of 
time-interval T . ... . . ... 

— . ■ — , or =; = 1. Phase is dimensionless like 

periodic time T 

angle, and is often assessed quantitatively in angular " 
mea sure on the basis that one period in time is equi- 
valent in angle to one revolution, or 2 -n radians. 

As the measure of angle is the ratio of a circum- 
ferential length to the radius of a circle, so the trigono- 
metrical functions of angle, the sine and the cosine, are 
ratios of the length of straight lines defined by the angle 
and the radius. The sine and cosine functions ore 
essentially dimensionless. The sine function of an 
angle 6 is defined algebraically as the sum to infinity of 
the series : 

„ (P 0 s 8 1 
0 ~3! + 5! 7! ’ 
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As 6 is dimensionless, all its powers must be dimen- 
sionless also, so that the algebraic expression for sin 8 
is dimensionless. The functions sin x, and cos a:, occur 
in mathematics irrespective of any objective angular 
significance of the independent variable x. If, however, 
such an expression as sm x occurs in a mathematical 
equation representing some objective physical con- 
dition, x must be a dimensionless quantity. Otherwise, 
the algebraic expression for sm x shows that it would be 
the sum of a number of terms, the dimensions of which 
would all be different. 

Dimensional Constants. There are certain funda- 
mental constant numbers which enter into scientific 
calculations that are essentially dimensional in charac- 
ter. A familiar example is the quantity c, the velocity 
of light, which enters into the formula for calculating 
the capacitance in microfarad units of an electrical 
condenser from its dimensions The dimensions of c 
are, of course, those of a velocity or speed and are 
^ or LT-* The density of a body at a fixed tempera- 
ture is another dimensional constant ; its dimensions, 
as we have seen, are ML~ Z 

The gravitational constant is another important 
quantity of this class According to Newton’s law of 
universal gravitation the attractive force between two 
bodies is proportional to the product of their masses 
and inversely proportional to the square of the dis- 
tance between them. We therefore have this equa- 
tion : 


(length)* 


where O is the factor which, when mass and length 
are measured in the units of an absolute system will 
give the force in units of the same system. If we 
substitute the dimensions of force, mass and length, 
we obtain : 
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ML _ M z 
-l*= ex v- 


so that, 


Since the gravitational attraction of a gram of mass 
will accelerate it by 981 centimetres per second per 
second, this gravitational attraction is 981 dynes of 
force in the o.o.s. system. The gravitational attraction 
of the earth on the gram of mass is very approximately 
as if the mass of the earth were concentrated at its 
centre, bo we can. write the following equation : 


980 dynes ~Gx 


J gram x mass of earth in grams 
(radios of earth in cm.) 2 


From this equation we can, knowing the" mass and 
radius of the earth, calculate G in c.g.s. units, or knowing 
G and the radius of the earth we can calculate the mass 
of the earth. G has been determined experimentally 
and found to have the value 6-664 x 10~ 8 in c.G.s. units. 
By substituting this value of G in the last equation, the 
mass of the earth is found to be approximately 6-0 x 10 27 
grama. 

The following table contains no entries of quantities 
which occur only in rotational dynamics. We shall see 
later that the determination of the dimensions of these 
quantities gives rise to some difficulties which call for 
explanation and discussion. 
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Quantity 

Length 

Tone 

Area 

Volume 

Speed 

Acceleration 

Angle 

Angular speed 

Angular accelera- 
tion 
Force 
Momentum 
Work or energy 
Power 


Density 

Specific gravity 
Surface tension 
Viscosity 

Kinematic viscosity 

Gravitational 

constant 


Tatle of Dimensions 


Defined at 


Length x length 
Length x area 
Space — time 
Speed — time 
Axe— radius 
Anglo— tune 
Angular speed— timo 
Mass x acceleration 
Mass x speed 
Force x distance 
Work— time 
Force— area 
Volum a — volume 
Mass — volume 
Mass — mass 
Force —length 


Dimensions 
Fractional Index 
flotation Notation 


L 

T 

D 


5 * 


LT - 1 

L.T-' 


ML * 
~T r 
ML * 


T-* 

T-i 

MLT - 1 
MLT-* 

ML*T ~ * 


M 

L l 

1 

M 

T* 


ML - 1 

1 

MT~‘ 


Force per unit area — M 
speed per unit distance FT 
IS 

Viscosity— density -yt 

Force x length* — mass* \tl * 


JIL-'T-' 

L*T~ l 

M-'L’T-* 



CHAPTER III 


APPLICATIONS OP THE THEORY OP 
DIMENSIONS 

Basic Principles. In this chapter we shall deal with 
some of the simpler practical applications of dimen- 
sional theory. These applications may he classified 
under three heads ; the^ calculation of conversion fac- 
tors, t he checki ng of^ formulae, and the deduction, of 
the nature of physical Taws^ 'Applications of dimen- 
sional theory depend upon two basic principles or 
axioms ; first, that the dimensions of a physical 
quantity can he stated in one way and one way only in 
terms of the fundamental dimensional entities of mass, 
length and time ; secondly, that an algebraic equation 
or formula relating to a physical quantity must be 
dimensionally homogeneous, or, in other words, the 
dimensions of every term of the equation must he 
identical. Thus, if a formula gives, say, a quantity of 
work as a function of some other quantities, then 
every tenn of the formula, or in the right-hand side 
of the equation, must have the dimensions of work. A 
quantity of work cannot he equated to the sum of a 
number of quantities of a different character. We 
shall see later that although the dimensions of a 
physical quantity can be stated in one way only, the 
converse of this principle is not always true, and that 
it "is possible for quantities quite different in character 
to have identical dimensions in terms of mass, length, 
and time, so that to indicate in a dimensional formula' 
the essential difference in the character of such 
quantities some additional auxiliary dimension must 
be used. 

Conversion Factors. We have already given some 
examples of conversion factors that are tho numerical 
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ratios of fundamental unit quantities in different sys- 
tems of units Dimensional theory points directly to 
the method of calculating the numerical ratios of 
derived units of the two systems. Supposo that a 
quantity has the dimensions M a L h T e and its measure 
in one system of units. A, is the number K of the 
derived units. This as we have seen can be expressed 
symbolically as K x M a L h T°. Suppose now that the 
fundamental units of mass, length and time in a second 
system B are denoted by M t , L x and 1\, and that the 
mass unit in A system is times that of the mass unit 
in B system so that and that, likewise, 

L — n^L^ and T—^T^ Then we have : 

K x [M°L'T‘)*=K x x [«,£,]» x[n 3 7’ i ;|« 

=Kx x 

The measure of the quantity in the B system of units 
is. therefore, n l a n. a l, n t e times the measure m the A sys- 
tem. n 1 °7i 2 6 n 3 e is the conversion factor giving the num- 
ber of the derived units of the B system that correspond 
to I of the same derived unit of the A system. 

Let us illustrate this general result by one or two simple 
numerical examples Whatis the equivalent ofa speed of 
60 miles per hour in ft. per second 1 Here the dimensions 

of speed are ~ . As 1 mile = 5280 ft , n 2 = 5280 Similar- 
ly. « 3 . the number of seconds in 1 hour, is 3600. The 

g^go gg 

required conversion factor is a ~ QQ =" , so that 60 miles 
per hour = 60 x j^ = 88 ft. per second. 

If the value of g in British Engineers’ units is 32 -2 at 
London, what is its value in o.o.s. units * Here the 

dimensions of acceleration are . As 1 ft. = 30 48 cm., 
« b =30 48 The time unit in tho two systems is the 
same, \ he second, so that n a = 1. The conversion factor 
for acceleration is therefore 30-48, eo that 32-2 ft. per 
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second per second=32-2 x 30*48 = 981 cms. per second 
per second. 

What is the factor for converting ffc.-lbs. to ergs? 
Here the quantity considered is work, the dimensions of 

which are - ^ 2 * The unit of mass, the slug, in the 

British Engineers’ System is 32-2 pounds or 32-2 x 453-6 
grams, and this is the value of n z , the number of 
centimetres in I foot, is 30-48. The time unit is the 
flame for both systems so that «-, = ]. The required 
conversion factor is, therefore : 

= 32-2 x 453-6 x (30-48) ! 

**a 

= 3-22 x 4-536 x (3-048) 8 x 10 B 
= 135-6 x 10* 

= 1-356 xlO 7 , 

so that 

1 ft.-lb. = 1-356 xlO 7 ergs. 

What is the equivalent of 1 h.p. in watts? Since 
1 h.p. = 550 ffc.-lbs. per second, we have : 

1 h.p. = 650ft.-lbs. per sec. = 550 x 1-35G x 10 7 ergs per 
sec. 

= 650 x 1-356 joules per sec. 
= 746 watts, 

Bince 1 joule = 10 7 ergs, and 1 watt = l joule per second. 

The arithmetic of conversion factors is dealt with in 
most elementary text-books on engineering mathematics 
and we need spend no further time on this subject. We 
may note in passing that the numbers in the British 
tables of* weights and measures are, in a sense, con- 
version factors, although they apply to a single system 
of units. Thus 3 is the factor for converting yards to 
feet, and 112 is the factor for converting cwt, to pounds. 
When a physical quantity can be measured in two sys- 
tems of commercial units as in cubic inches or cubic feet, 
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and in gallons and pints, we Lave two kinds of con- 
version factors, the first like the number 1728 for con- 
verting cubic feet into cubic inches appli cable to one 
system, and the second like 6-229, for converting cubic 
feet in one system to gallons in the other. 

The following table gives the principal conversion 
factors from the British Engineers’ units to those in the 
c.g s. system . 


Conversion Factors. British Engineers’ to C.G.S. units 


Quantity 

Length, Velocity and 
Acceleration 
Area 
Volume 
Maas 

Force and Momentum 
Work and Energy 


Relevant 

dimensions 

L 


L 1 

M 
ML 
ML » 


Factor 


929 03 
28316 

32-2x463 6 
32 2 x 13S24 
32-2x421-370 


Formulae. We shall now give some illustrations of 
the second of the basic principles referred to above, 
that every term in an equation or formula referring to 
physical quantities must be of the same dimensions. 
If a body is projected vertically upward with an initial 
speed v, its height A, at a time t measured from the instant 
of projection, is given by the formula : 

where g is the acceleration due to gravity. The dimen- 
sions of v are ^ and of g, ^ . Substituting the known 

dimensions, and representing the dimensions of the 
number ^ by [£], we have : 


The dimensions of are 1 or M e L e T°. § is therefore 
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a dimensionless number, and independent of the aj-stem 
of units in which, h , v, i and g are measured. 

It should now be noted that from the above short 
investigation, two kinds of deductions can be made. 
If we assume the truth of the formula for one absolute 
system of units, we have shown that the l is a dimen- 
sionless number so that the formula is also true for any 
other absolute system, provided, of course, that h, v, t 
and g are all measured in the units of one system. If 
we assume that the i is a dimensionless number we 
have checked the dimensional homogeneity of the 
formula and we can infer that it is .probably c orrect. 

Let us consider a more complicated example. The 
volume per second V of liquid escaping from the end of 
a long tube is given by the formula 



where p is the pressure difference along the tube of 
length l and radios r, and 7] is the viscosity of the liquid. 
L a 

The dimensions of V are , those of p are force divided 
by area or x ^ 5 , and those of rj, ~ . Representing 

the dimensions of the numerical factor by ^ we have, 
substituting the dimensional expressions * — 

I? fyi ML I L* LT 
T _ L^J * T**L* X L* M 



The quantity ~ therefore has the dimensions — , 
_ ‘I 1 

those of V. - is therefore a dimensionless number 


Independent of the system of units in which p, r, l and 7} 
are measured. When a numerical constant in a formula 
is a dimensionless number, the formula is correct for 
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all absolute systems of units provided that the quantities 
entering into the formula are all measured in the units of 
the system. Thus, if the formula just considered is used 
with British Engineers’ units, V would be in cubic feet 
per second, r and 2 would be in feet, p in lbs. per sq. foot, 
and t) in slugs per foot-second. 

Let us now consider a formula of a different class 
from the foregoing. Suppose that the height h at time f 
of a body projected vertically upward with an initial 
velocity v is given as 

h=vt~ 16- If 1 . 

Substituting known dimensions, and denoting the 
dimensional expression of the numerical factor by 
[16-1], we have 

— [ 16 1J2« 

Z = L-[16-1]T*. 

We see at once that the factor 16-1 cannot be a 
dimensionless number, for if it were, we should have 
the absurd statement that a length is equal to the square 
of a time period. 10 1 is therefore a dimensional con- 
stant and the dimensions must be such that the term 
I6‘lt a has the dimension L. The dimensions of f 1-6-1 J 

must therefore be ^ , those of an acceleration, and as a 

matter of fact we know that the factor 16-1 is equal to 
where g is measured in f.f 9. or in British Engineers' 
units. The formula, if true at all, as it actually is, is 
true only for particular fundamental units of length and 
time. The specification of the meanings of the symbols 
h, v and t given above is therefore insufficient, and with 


v the initial velocity in feet per second, and / tie time 
in seconds, and the formula is true only with this 
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reservation relating to the units employed. In con- 
trast to this, the more general formula, quoted above, 
h—vt - is true for all absolute systems of units. 

If wo wish to obtain a formula equivalent to 
h—vt — 16-K*, but applicable to the o.o.s. system in 
which h is in cm. and v in cm. per second, we must ob- 
tain the new value of the numerical factor 10-1 by 
means of the appropriate conversion factor. As 1C-1 

has the dimensions of an acceleration, — , this factor, 
as we have seen, is 30-48, so that the new formula is 
- 30*48 x 16-lt 3 
4911 s , 

whero h is in czns., v in cms. per sec., and l in seconds. 

Consider another formula given in the hand-books. 
The minimum thickness, t, of the header of a water-tube 
boiler at the tube holes for a tubo diameter d, is 

where t and d are in inches, t and d each have the 
dimension L y so that, indicating the dimensional ex- 
pression for the numerical factors by fife!) and [£•], we 
have this dimensional equation 

L=mL'i*+[i]- 

As the dimensions of every term must be L, we see that 
the dimensions of [a%] are L lli , and of [£] are L. The 
formula is true, therefore, only for the units specified. 
If we wish an equivalent formula in which t and d 
are in centimetres, then as 2-54 cm, = 1 inch, 2-54 is the 
conversion factor for L. The term 3 % in the new formula 
becomes x «/2-54, while the term i becomes \ x 2*54, 
bo that, approximately, 

l=0-I5«/d + 0-G2, 

where t and d are each in centimetres. 

We have already noted that if we can assume that 
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numerical constants in on equation are dimensionless 
numbers, we can obtain some sort of check of the truth 
of the equation by substituting the dimensional ex- 
pressions for the variables and seeing that the dimen- 
sions of both sides of the equation agree. If we fail to 
obtain this agreement, we shall know that the equation 
or formula is untrue, or that it has been wrongly quoted. 
This principle is very useful for the discovery of mis- 
takes when formulae are imperfectly remembered or 
copied wrongly from works of reference. 

Let us consider a formula which purports to give the 
speed v of a belt at which the maximum power is 
transmitted Suppose this formula is quoted as . 



where is the maximum allowable tension, anil w the 
weight of unit length of the belt. Assuming the 3 is a 
dimensionless number, and substituting dimensions 

^ for v, for and, as weight is a force, x — for 
w, we have, Bquanng each side of the equation, 

AT* 

T‘ T’ x ML 

The dimensions do not agree, and to make the 
dimensions of the right-hand side of the equation the 

same as those of v, a factor having the dimensions ^5 
must appear under the square -root sign. A missing 
term therefore has the dimensions of an acceleration, 
and we are reminded at once that the speed for maxi- 
mum power depends upon the mass per unit length of 
belt and not on the weight per unit length, and as mass 
is equal to weight ~-g, the correct formula is 
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The periodic time £ of a body of mass m oscillating 
under the control of a force having a value F per unit of 
displacement from the position of rest is known to be 

given by one of the formulae, t=2i or t — 27r^J~. 

Which is correct? The dimensions of F or force divided 

M 

by length are ■=, and the quantity under the square- 
root sign must have the dimensions T 1 . We see at once 

that, to satisfy this condition, this quantity must be ~ , 
so that the correct formula is * 


As a further example, consider the formula T t =~ for 

the tension T r in the horizontal part of a wire suspended 
between two supports with a small sag d, where l is the 
distance between the supports and to the weight of 
unit length of the wire. The dimensions of T v a force, 

axe -^5- and those of w, a weight or force per unit length, 
M _ . . 

are ^ . Substituting dimensions, and treating 8 as a 
dimensionless number, we have 

ML M L_M 
T s ~T a * L~ T "- ' 


The dimensions of the two sides of the equation do 
not agree, and, therefore, the statement of the formula 
is wrong. We see at once that to make the dimensions 
of the expression on the right-hand side of the equation 

hjI? 

equal to those of a force, the formula must be T = • 

Finally, suppose the volume of water per second, V, 
flowing in a rectangular notch is known to be given 
by a formula Kb-/2g x h n , where K is a dimensionless 
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number, b the breadth of the note!) , h the height of the 
water in the notch, g the acceleration due to gravity, 
and n an unknown index of h. The dimensions of V 

IS _ 

are •= , and substituting the dimensions of b, -Jg and h n , 


we have, 


— =£x — 


Xi>". 


If the dimensions of both sides of the equation are to 
agree, we must have 

IS —Lx. IS xi" 

Or 3=L + i+-«, 

so thatn =|. The formula is therefore V =Kb-j2g xh 3/l . 

Deducing the Nature of Physical Laws. One of the 
most important as well as the most interesting applica- 
tions of dimensional theory is that of the deduction of 
the manner in which one physical quantity depends 
upon o tiiers. The usual method of discovering this 
kind of dependence or functional relationship is by 
deduction from simpler and more fundamental laws. 
In the dimensional method of deduction we write down 
a tentative equation which expresses, in the most 
general form, the dependence of one quantity upon 
several others, and we elucidate the nature of the 
dependence from the basic principle or axiom that the 
dimensions of each side of this equation must be in 
agreement. As dimensionless numbers cannot appear 
m dimensional equations, this method merely gives a 
statement of the proportionality of one quantity to 
powers of the others on which it depends : the dimen- 
sional method is incompetent to evaluate the numerical 
constants : it therefore reveals the nature of the law of 
dependence but it does not enable the law to be expli- 
citly stated. 

Suppose that a quantity P is known or suspected to 
depend upon other quantities Q, It and S. We can 
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express this dependence symbolically by an equation, 
P-KQt&S*, 

where R is a dimensionless number. If the dimensions 
of the quantity P are M a L h T e ; those of Q, M a ‘L b, T Ci ; 
those of It, M at L i ^T e *, and those of S, then 

substituting these dimensions in the formula for P we 
have 

JfaJWe (M*LVT*i)* x {M a 'L b 'T»y X 
If the equation P —KQ x Ii v S s is in any sense true, the 
dimensions of each side of it must be identical, and if 
this condition is satisfied, the M dimension on each side 
must be equal, so that 

M°—M a>z x M a ’ v x M a,z 
or a—a^x+a^y+a^- 

Similarly, equating the dimensions of L and of T on 
the two sides of the equation, we have 
b=b 1 x + bi!/+b a z, 
e=e 1 a; + e 2 i/ + c 3 z. 

In these last three equations, all quantities are known 
but x, y and z, so that from the three simultaneous 
equations the unknowns can be determined by algebra. 
If, from this calculation, wc find that either x, y or z 
are zero, this indicates that the quantity P is inde- 
pendent of the quantity to which the zero index has 
been assigned. Thus, if in the original equation, or 
P =KQ X R V S : , z is found to be zero, then, as 8 D =l, 
P~KQ V R V and the value of P is not affected by the 
value of S. We observe that in the above calculation 
the numerical constant K disappeared in the dimen- 
sional equation, and that we are unable to make any 
inference about its magnitude. 

Let us illustrate this rather abstract calculation by a 
number of actual examples. Consider first that the 
kinetic energy E of a moving body may be assumed to 
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on the two sides of the equation, we find 
0 = 2 , 


From which y—\,x—\ and 2 = 0 , so that 
v=KJgh. 

The constant K is found by other methods to be J2. 
As 2=0, the mass m of the liquid is irrelevant, and v is 
independent of this mass and depends only on A. 
Consider the velocity v of the propagation of a wave 


v-KfUi’a*. 

Substituting dimensions, we have, as those of m are 
ML~' . 

LT~ l -[MLT-*]* x [ML-']’ x L\ 

Equating M , L and T dimensions, as before, we obtain : 
0=z+f I 
\ —x-y+z 
- 1 = - 2x. 

From the third and first equations, wo find and 
y= - £ and, substituting these values in the second 
equation, we obtain . 

l = i + £+z, 

so that 2 = 0. The required formula is therefore : 

v=S/’n m ->l2 = K^jL, 

and t> is independent of a, the amplitude of the disturb- 
ance. 

The onergy of a vibrating and perfectly flexible 
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string is a constant quantity being the sum of the 
continually changing kinetic energy due to velocity, 
and potential energy due to displacement from the 
position of rest. This constant energy may depend 
npon the frequency of the vibration fixed by its tension 
and its mass per unit length, upon the amplitude of the 
middle point from the position of rest, and upon its total 

mass. Denoting frequency of dimensions ^ by /, 

amplitude by a, and total mass by m, the dependence of 
total energy on these quantities can be thus stated : 

E=Kf x a v m x , 

and substituting dimensions, we have : 

ML 2 T- s =[T- l ¥L*M‘. 

Equating dimensions M, L and T, we obtain : 

1 = 2 , 

2 =y, 

-2— -x. 

Or E—Kpdhn. The energy of a vibrating string is 
therefore proportional both to the square of the fre- 
quency and to the square of the amplitude of the 
vibration. 

As a further example, let us consider a raindrop falling 
through the air. The gravitational force accelerating 
the downward velocity of the drop will he opposed by a 
retarding force F, which may depend upon the velocity 
of fall v, the radius of the drop r, and upon the vis- 
cosity of the air tj. Otherwise : 

F—Kv r r v t) z . 

Substituting dimensions, and recollecting that those 
of viscosity are we havo : 

MLT-^ILT-*]* x [L]» x [ML-'T-'Y. 
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Equating dimensions of M, L and T, as before, we 
obtain : 


1 =s, 

1-Z + 1J-Z) 

-2= -x-z. 


From the first and third of these equations, we obtain, 
1, 3 = 1, and substituting these values in the second 
equation gives y=I. The required formula for F in 
terms of v, r and tj is, therefore . 

F—Kvrr), 

where K is a dimensionless number. The precise 
equation is F = Gnvrtj The gravitational force acting 
on the raindrop is proportional to its volume, or to r 3 . 
The velocity of fall will be constant when the gravita- 
tional and retarding forces are equal, or when 
K l r 3 =Ktrrj, 

where is independent of v, r, and tj Thus, the con- 
stant velocity of fall is proportional to r", and for very 
small values of r this constant or limiting velocity 
becomes negligibly small, so that the drops float and 
form a cloud or mist. 

The formula on page 37 for the rate of efflux of a 
liquid from the end of a long tube is established on the 
assumption of stream-line flow, that the velocity of the 
liquid is everywhere parallel to the axis of the tube 
This condition applies only when tho velocity does not 
exceed a critical value. If the velocity is greater than 
this critical value the flow ceases to be stream-lined and 
becomes turbulent. 

The critical velocity v v depends upon the viscosity 
of the liquid t], Its density a, and upon the radius of the 
tube r. Thus we may write, 

•jsajw, 

where JR is a dimensionless number. Substituting the 
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dimensions of ij, a and r, we obtain : 

LT-^^ML-'T- 1 )* x (ML-*) * x I/, 

■which, gives 

0=*+y, 

1= -x-S y+z, 

— l = ~ar, 

from wliich jc=I, 1, z=— 1, 

so that where R is a dimensionless number 

or 

independent of the system of units employed. The 
formula shows that viscosity assists stream-line flow 
but density tends to prevent it. The dimensionless 
constant R is sometimes called the Reynolds number. 

Dimensions in Co-ordinate Geometry. Co-ordinate 
geometry is a branch of mathematics in which the 
properties of curves and surfaces aTe investigated by 
means of algebraic equations wliich express the func- 
tional relationships between the co-ordinates of every 
point on the curve or surface. These. co-ordinates have 
an -Objective, me aning . They are the distances of a 
point on the curve or surface from the axes or planes of 
reference, and, accordingly, the co-ordinates each have 
the di mensions of a length. As the equations of co- 
ordinate geometry likewise have an objective meaning, 
all the terms of such equations must have the same 
dimensions. If an equation in co-ordinate geometry is 
algebraically homogeneous, that is, if the sums of the 
indices of the factors of each term are all equal, then 
each quantity, whether variable or constant, will have 
the dimensions of a length. Otherwise, and if the 
equation is not homogeneous algebraically, some of the 
quantities will have a dimension other than that of a 
length. 

Consider, for instance, the equation to a straight line 
in the co-ordinate geometry on a plane. This equation 
can be written in several ways. One form of the equa- 
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tion is — +^ = I. This equation is algebraically homo- 
geneous ; the sum of the indices of the terms on the 
left-hand side is -f 1 — I or zero and this corresponds to 
the dimensions of the pure number 1 on the right-hand 
side, a and b therefore each have the dimensions of 
x and y, that is, each stands for a length. Actually, of 
course, a and 6 are the intercepts in the horizontal and 
vertical axis determined by the curve- 
Another form of the straight-line equation is 
y=b + px. Here, as y has the dimension L, b is a 
length, px also has the dimension L, so that, as z is a 
length, p must be a dimensionless number, or the ratio 

of two lengths. If we convert the equation - + r =1 » 
b « o 

to y — b — x, we see that p is minus the ratio of the 
a 

intercepts b and a , it is the slope of the line. 


lx' 

ho u 

hand terms is 3, while that of the right-hand terms is I. 
I, m and 7i cannot therefore all Btand for lengths. The 

more usual form of the equation + ^ ts alge- 

braically homogeneous. a and b each have the 
dimensions of a length, and, as a matter of fact, they 
are the horizontal and vertical axes respectively of the 


closed curve. 

r * • ■ 1 ■ 

elli 

cor * 

with the carve are coincident, then, if the statements 
of the basic equations are algebraically homogeneous, 
every intermediate equation in the calculation will 
also be homogeneous, and a partial check of the 
accuracy of the working can be obtained by inspection 
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at every step of the reasoning. If non-homogeneous 
equations are used, this check by inspection is not 
possible. 

The expression or equation for the slope of a curve, 
obtained by differentiation or by algebra, must have 
every term of zero dimensions in length, for a slope is the 
ratio of the lengths of two lines at right angles. Similar- 
ly, the second differential coefficient —X of the equation 
to a curve has the dimensions of slope 4-length, or, as 


slope is dimensionless, of ~—L~ x . 


The curvature of a 


circle is the reciprocal of its radius and has the dimen- 
sions L~ l . The second differential coefficient of y in 
the equation to a curve therefore has the same dimen: 
sions a s i t s curvat ure . 

When the equation to a curve is given in a non- 
homogeneous algebraical form, the nature of the con- 
stant factors can often , be inferred by recollecting the 
foregoing principles. Thus, suppose that the equation 
to a parabola is given as : 


y=a±bx+cx*. 


As y is a length, each term on the right-hand side 
must have the dimensions L. a is therefore a length ; 
it is the intercept cut off by the curve on the vertical 
axis of co-ordinates. As bx has the dimensions L, b 
must be a dimensionless factor ; it is a slope, and, as 
when x is exceedingly small so that x 2 can be neglected 
the equation becomes y=a-i-bx, we see that b is the 
slope when z = 0 and where the curve cuts the vertical 
axis. Similarly, cx- has the dimensions L, so that 

L=cL z , and the dimensions of c are 7 or j L- 1 . c, there- 
X/ 

fore, has the dimensions of a curvature, and, as a 
matter of fact, 2c is the curvature at the point on the 
curve where the .slope is zero. 



CHAPTER IV 

DIMENSIONAL THEORY OF THE DYNAMICS 
OF ROTATION 

Dynamics of Rotation- In Chapter II we worked out 
tho dimensions of fcho various quantities that occur in the 
simple branch of dynamics which may bo termed tho 
dynamics of a particle or the dynamics of translational 
motion, and wo there Ignored those quantities thatoceur 
in that more difficult branch of tho whole subject of 
dynamics, tho dynamics of rotating bodios Not only 
is this latter branch the more difficult, but, as wo shall 
seo and explain in tho present chapter, tho application 
of tho theory of dimensions to it gives rieo to difficulties 
and ambiguities which are not found in connection 
with tho simpler branch of tho subject considered in 
Chapter II. Beforo proceeding to tho working out of 
tho dimensions of tho quantities occurring in tho dyna- 
mics of rotation, it will bo well for us to recall that tho 
two branches of tho whole subject of dynamics aro 
strictly analogous, in that to every quantity in trans- 
lational dynamics, there is an exactly corresponding 
quantity in rotational dynamics, and that to the basic 
laws of tho translational dynamics thoro oto tho 
analogous laws of rotational dynamics. Thus, we can 
pass from the simpler to tho more difficult branch of 
dynamics by a list of terms and statcmcnte^cf rules 
which forms a kind of dictionary. This dictionary is 
given in the following table : 

Translational Dynamics Itolaiional Dynamics 

Length or distance Anglo 

Velocity Angular velocity 

Acceleration Angular acceleration 

Mass Moment of inertia. 

Time Time 
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Translational Dynamics Rotational Dynamics 

Momentum Angular momentum or 

moment of momentum 

Force Couple or torqne 

Work and energy Work and energy 

Force = mass x acceleration Torqne = moment of in- 

ertia x angular accelera- 
tion 

Work = force x distance Work — torque x angle 

Kinetic energy =» Jmas3 x Kinetic energy = \ moment 

(velocity) 2 of inertia x (angular 

velocity) 2 

In the above list we see that time, and work and 
energy are common to the two systems. We have 
already seen in Chapter II that the units of angular 
velocity and acceleration are respectively the rSdian 
per second, and the radian per second per second. 
Energy, work and time units are common to the two 
systems. We shall see that couple or torque is measured 
by force multiplied by distance, the ‘ arm ’ of the 
couple. The unit couple in the C.G.S. system of units is 
the gram centimetre ; in the British Engineers’ System, 
the unit couple is the lb.-ft., the term lb.-ft. being used 
to distinguish the unit couple from the unit of work 
which is tho ft.-lb. 

Dimensions of Quantities in Rotational Dynamics. 
The dimensions of the kinematic quantity angle, or 
amount of turning, and the derived quantities, angular 
velocity and angular acceleration have already been 
dealt with in Chapter U. We have there seen that as 
kinematic angle is measured in radians by the ratio of 
circumferential movement to radial distance, tho 
dimensions of angle, in terms of ill, L and T are 
L+L=\, or, symbolically, Angle is a quan- 

tity of zero dimensions, and it is therefore dimension- 
ally similar to a pure number. Consequently, the 
quantity ‘ angle ’ cannot enter into an ordinary 
dimensional formula. The dimensions of angular 
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velocity and angular acceleration are as we have seen, 
and L~ z respectively. 

The moment of inertia I, of a body in reference to an 
assigned axis is defined by the formula Zmr* where m 
i3 an infinitesimal element of mass and r is the distance 
of this element from the assigned axis. Otherwise, 1 is 
equal to the whole mass of the body multiplied by the 
square of tho radius of gyration, which latter quantity 
depends upon the Bhape and size of the body anil the 
position of the assigned axis relative to it. The dimen- 
sions of moment of inertia are therefore those of mass 
multiplied by (length)* or ML*. 

The angular momentum of a rotating body is the 
product of its moment of inertia about tho axis of 
rotation by its angular velocity, or I to, where to stands 
for lingular velocity. The dimensions of angular 

momentum are therefore ML* 

The moment of the momentum of a particle of mass 
m, moving in a circular path of radius r, with a circum- 
ferential velocity v, is defined as mvr. The dimensions 
of moment of momentum are therefore 




and these ore the same as the dimensions of angular 
momentum. 

Torque, couple, or the twisting effort of two co- 
planar and equal parallel forces of the same magnitude, 
but acting in opposite directions, is measured by tho 
product of the measure of one of the forces hy that of the 
distance between their directions The dimensions of 
torque or couple are therefore those of force x length 




We can use the foregoing result^ to check the dimen- 
sional consistency of those laws dr principles of the 
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dynamics of rotation, listed in the above table, which 
correspond to the basic principles of the simpler trans- 
lational dynamics. 

From torque =moment of inertia x angular accelora- 
ation we have, substituting dimensions, 




ML 2 


which is correct. 

Similarly, torque x angle —work, we have, as angle 
is a dimensionless quantity in terms of M, L and T, 

• Lastly, from kinetic energy = J moment 
of inertia x angular acceleration we have, substituting 
dimensions, =ML 3 x — , which also is correct. 

Tho principal laws or rules of rotational dynamics are 
therefore dimensionally consistent. 

Notwithstanding this consistency, there is one striking 
anomaly in the dimensions wo have deduced for the 
quantities occurring in tho dynamics of rotation : the 
dimensions of couple or torque are identical with those 
of work or energy, ML 2 T~ 2 . In other words, two quan- 
tities essentially different in .physical character have 
the same dimensions.. 

Now, although this anomalous result does not contra- 
dict tho fundamental principle or axiom enunciated at 
the beginning of Chapter III, that the dimensions of a 
physical quantity can be stated in one way only, it does 
introduce an ambiguity into the dimensional formulae 
of the dynamics of rotation. In translational dynamics, 
a quantity having the dimensions ML-T ~ 2 is recognised 
at once as standing for work or its equivalent, energy ; 
in rotational dynamics, this dimensional formula is 
equivocal, it can stand either for energy or torque. 
The cause of this ambiguity attaching to the dimen- 
sional formula, ML 2 T~ 2 , is very clear. In translational 
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represent variable or kinematic angle in terms of the 
fundamental dimensional entitios, mass, lengtli and 
time. The only way to bring this variable quantity 
into dimensional equations is to treat it as a fourth 
dimensional entity, and to assign to it a special dimen- 
sional symbol. Let us represent the new dimension, 
angle, by tho symbol [^]. Tho dimensions of quantities 
in tho dynamics of rotation will then be expressed in 
terms of four fundamental entities, M, L, T and <p. 
Using this now dimonsional symbol, the dimensions of 
angular velocity and angular acceleration aro respec- 
tively [i/iT- 1 ] and [ipT-* J. 

Tho assignment of a dimensional symbol to angle 
removes at once tho ambiguity of tho identical dimen- 
sion of the dissimilar quantities torque and work. For 
as torquo x anglo is equal to work, wo have the dimen- 
sional equation : 


[torque] x [*p]=[ML'T~'l 

when co thodimensions of torquo aro ^7^- or M&T"*#- 1 . 

Wo can now go forward and calculate the dimensions 
of other quantities in rotational dynamics in terms of 
tho four fundamental entities, M, L, T and ip. As 
torquo = moment of inertia x angular acceleration, we 
have tho dimensional oquation, 

ML* . , . .. „ P 

~ moment of inertia x ~ , 

whence, tho dimensions of moment of inertia, doduccd 
from dynamical considerations, are LLty' 1 . 

As angular momentum is equal to moment of 
inortia x angular velocity, we have, for the dimensions 
of angular momentum, 


T Tip 
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Let us check the consistency of the relation, kinetic 
energy of rotation =£ moment of inertia x (angular 
velocity) 2 , in terms of tho four dimensional entities. 
The dimensional equation is : 

ML-ML 1 ip* _ AIL- 

T 2 ip* X JP»“ T 2 ’ 


which i3 correct. 

let us now return to the problem considered in the 
previous section, and see whether the use of a dimen- 
sional symbol for variable angle sheds more light on the 
law determining the periodic time of torsional oscilla- 
tions. We can now re-state the dimensions of the 
quantities in the tentative formula t tt =Kl*G v a. x . The 


new dimensions of I are , those of G, torque per 
unit angular displacement or torque divided by angle, 
are x > and the dimensions of amplitude a 

are tp. Thus, we have this dimensional equation : 


T=[ML 2 P~ 2 y x [ML 2 T~ 2 tp- 2 ] v x [</-]', 


equating dimensions of M, L, T and ip, we obtain : 


0 ~x+y, 

0 = 2x-f-2y, 

0 — -2x-2 y+z= -2 (x+y)+z. 


From the third and first of these equations wc obtain 
y= - \ and +$. From tho fourth, by substituting 
x+y= 0, from the first, we obtain 3 = 0. Thus we can 

deduce, first that t 0 —K^j^ , as before, and secondly, 

what we were unable to deduce in the previous calcul- 
ation, that z = 0, and that, consequently, the angular 
amplitude cannot enter into the formula for the periodic 
time t 0 . Otherwise, t Q is independent of the amplitude, 
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and consequently, the torsional oscillations are iso- 
chronous. 

The Meaning of Angle in Dimensional Formulae. 
Although the use of an additional dimensional symbol 
for kinematic angle enlarges the scope of dimensional 
analysis as applied to the subject of rotational dyna- 
mics, we must not overlook the fact that, at first sight, 
this new symbol appears to have eliminated some 
inconsistencies at the expense of the introduction of 
others. Thus, although assigning the dimensions 
M&T-hfi - 1 to torque has rationalised the dynamical 
formula torque x angle = work, and has given a dimen- 
sional formula for torque which is different from that 
for work, the additional symbol seems to have intro- 
duced an inconsistency in the fundamental definition of 
torque as force x distance, for the dimensions of this 

product are x L. If we consider that the dimen- 


sional formula represents in some way the product 
, . T !f. , . ML L , 

force x distance, this can be shown as -^j- x -y , irom 


■which it appears that, in the torque definition, force is 
multiplied by a quantity having the dimensions, not L, 


but . We observe that, in terms of M, L, and T, the 

dimensions of L and ^ are identical, and that -r stands 

V _ 

for the dimensions of a length, as does the L in the 


dimensional expression ■ ^, a - for force. What then is the 


objective significance of the dimensional expression 
~ , for the quantity by which force ismul tipli e d to obtain 

the measure of torque or couple ? We can put this ques- 
tion in another form : what is the essential difference in 
the two statements that force x d istance is_equal_to 
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work, and that fqrcex distance is equal to torque? The {• 
answer to this question is easily given. Distance, in > 
the formula for work is in the same direction as the 


force ; distance in the formula for torque is in a direction 
perpendicular to that of the force. This means that 
in the dimensional equation corresponding to the 
, . , ML L ML* 

statement, torque = force x distance, or ~=t- x — 
L T- p T-p 

is a distance perpendicular to that of the L in the 

dimensional formula for force, which latter L, of 


course, corresponds in direction to the force or to the 
acceleration that it produces. In reference to the 
rotation produced by a torque, the L in the force factor 
of the dimensional formula is a circumferential length, 

while the — corresponding to the arm of a couple is in a 


perpendicular radial direction. We can justify the 
dimensional symbol, indicating perpendicular rela- 
tion between two directions, for angle is measured a3 
the ratio of a circumferential to a radial length. 
[^<] therefore has the dimensions, circumferential 
length -{-radial length, so that, in reference to a circum- 
ferential length of dimensions L, a radial length should 

have the dimensions -r , which is what we found from 

dynamical considerations. The dimensional formula 
ML z T~*4i-^ for torque is therefore a consistent one and 
it Bhows that, dynamically, torque can be measured in 
terms of work per radian of angular movement. The 
dynamical unit of torque in the British Engineers’ Sys- 
tem would then be 1 ft.-Ib. per radian. 

Again, consider the quantities angular momentum 
and moment of momentum. We have seen that the 
dimensions of the first quantity in terms of M, L, T and 
$ are ~wr • The moment of momentum of a rotating 



62 DIMEKSIOKS IK ESOIKEEEISC TEEOB'S 
particle has been defined as rnrr, an expression into 
which angle does not enter and appears to have the 

dimensions /p - • If. however, we reflect that v is a 

circumferential velocity while r is a radial distance, the 
argument in the preceding paragraph shows that one 

L in the formula is radial while the other is 

circumferential. As the circumferential L is associated 
with the JU and the T, the radial distance r should have 

the dimensions so that the correct dimensional 
formula for moment of momentum ts . which 

agrees with that for angular momentum. 

Lastly, consider the centrifugal force exerted by a 
particle of mass m, constrained to move in a circular 
path of radius r, with a circumferential velocity r, and 
an angular velocity at. The centrifugal force can be 

calculated from three formulae, f=mrta, and 

f—TTUjt'r. The dimensional equations corresponding to 
these formulae are, at first thought : 

rn A* 

^44^, 

and these dimensional equations are inconsistent. 
Here, however, as in the calculation, of moment of 
momentum, we must take account of the fact that the 
radial distance r is perpendicular to the direction, of r, 

this substitution is made, the dimensions of / wort out 
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to be 


ML’P 

2' 2 


from all three equations, and dimensionally 


they become consistent. But a serious difficulty still 
remains. Wo have arrived at two distinct and different 
dimensional formulae for force, MLT~ 2 , and MLT^ip, 
and this conflicts with the fundamental axiom or 
principle of dimensional analysis, that the dimensions 
of a physical quantity can be stated in one way only, 
unless we can assign some objective difference between 
a centrifugal force of dimensions MLT~°tp, and a force 
having the dimensions MLT~ 2 . A little reflection will, 
however, show that there is such a difference. In 
translational dynamics, a force accelerating a mass is 
conceived to change the magnitude of its velocity ; a 
centrifugal force acting on a mass moving in a circular 
path continually alters the direction of the movementbut 
leaves the magnitude of the velocity unchanged. The 
action of tjie first jnnd of force does, work on_tho mass 
for it increases its velocity, and, hence, its kinetic 
eneirgyr The centrifugal force, although acting con- 
tinually on the mas3, leaves its kinetic energy due to its 
circumferential velocity unchanged and, therefore, does 
no work. When the first kind of force acts through a 
definite distance, this i9 represented by the dimensional 

formula xL=^^~ which represents work, or 


energy. The second kind of force, or centrifugal force, 
in conjunction with circumferential movement is 

represented dimensionally by x L— -^ — , ana 


as the dimensional expression representing t-orque 

is essentially different from representing energy or 
work, so is —jpr- • If a radial force acts on a body 
moving in a circular path, in opposition to centrifugal 
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force, ao as to dimmish the radius of the path, then work 

will be done, for as radial distance has the dimension ~ . 

. 

this will correspond dimensionally to — a ~ yi ~ » 

which is the dimensional expression for work. In this 
case, we know that the action of the force leaves the 
moment of momentum, mvr, unchanged, so that, as 
r decreases, v must increase, the kinetic energy of the 
rotating mass, Jmu*, increases also, and this increase of 
kinetic energy corresponds to the work done in opposi- 
tion to the centrifugal force. Thus the dimensional 
r ’ r - • i'*'* 1 -'' -rn be justified. 

‘ ‘ table collects 

ch have been 

deduced in reference, first to the fundamental entities 
of M, L and T and also in reference to M, L x T, and >p 
or kinematic angle. 

Dimensions of Quantities in the Dynamics of Rotation 


Quantity 

M, L and T 

M,L, Tandifi 

Angle 

Zero di- 
mensions 


Angular velocity 

3*-i 

T- l t 

Angular acceleration 

T~* 

T~*$ 

Time 

T 

T 

Moment of inertia 

ML* 

ML* <fi~* 

Angular momentum 

ML*T~* 

ML*T f' 1 

Moment of momentum 

MIA7- 1 

ML*T~* <P'* 

Couple or torque 

ML*T~* 

MAT-* 

Work or energy 

ML 

MLVT- 1 

Centrifugal force 

ML*T~* 

M L*T~* $ 


Moment of Inertia of Geometrical Figures. A quan- 
tity generally termed moment of inertia enters into the 
calculations of the deflections of beams under various 
conditions of loading, which is reaUy_a geometric al^ 
characteristic of the figure of the cross-section of the 
beam in reference to & stipulated line or axis. This 
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moment of inertia of a geometrical figure is defined by 
the formula Ear-, "where a stands for an infinitesimal 
element of area, and r for its distance from the assigned 
axis or line. The dimensions of this quantity are 
Zr 2 x L~ ~I£, and it is of a different character from the 
moment of inertia that determines the kinetic energy of 
a body rotating with unit angular velocity. The quan- 
tity Ear 2 is best termed a s econ d moment, and to con- 
vert it to a tru e moment of inertia it must be multiplied 
by the mass of unit area, considered constant. This 
M 

gives L*x. — =ML 2 , which agrees with the dimensions 

of moment of inertia in terms of M, L and T. 

To illustrate this point, consider the formula for the 
deflection d of the free end of a beam of length l, loaded 
with a weight W, at the free end. This formula is : 

. 1 Wl 3 
d ~3 El ' 


where E is Young’s modulus for the material of the 
beam, and I is the so-called moment of inertia of the 
figure of section of the beam about an axis through its 
centre of area. IF, the weight, has the dimensions of a 

F 

force or [”]. E has the dimensions of stress or ^ . 

Thus, substituting dimensions in the formula, and using 
ML- for thosB of I, we obtain : 


L=[F]xL*x 


i* 1 L 3 
[F] x ML*~ M ' 


and the dimensions of the two sides of the equation do 
not agree. 

When, however, we use the dimension L* of a second 
moment, for I, we obtain : 


L=mxIf x ^^L, 


which is correct. 



CHAPTER V 

DIMENSIONS OF THERMAL QUANTITIES 

Quantity of Heat. If a body absorbs heat its tempera- 
ture rises ; if it loses heat, its temperature falls. The 


posed, called its specific heat, a. Otherwise Q~m<f>s, 
where Q is the measure of a quantity of heat in terms of 
m, tf> and s, or in what are usually called thermal units 
The quantity, specific heat, a, is defined as the ratio of 
the heat required to produce unit rise of temperature 
of the body to that required to produce the same 
temperature rise of an equal mass of pure water. 
Accordingly, thermal units are quantities of heat re- 
quired to produce unit temperature nsea m unit masses 
of water. There are four kinds of thermal units in 
common use. The mean British Thermal Unit, 
B.Th.U., is the 1/1 80th part of the heat required to 
raise the temperature of 1 pound mass of pure water 
from the melting point of ice to the boiling point of the 
water at standard atmospheric pressure. Otherwise, 
the BTh.D. is approximately defined as the beat 
required to raise the temperature of a pound of water 
by 1 degree F. The Centigrade Heat Unit, C.H.U. or 
pound -calorie, is the l/100th part of the heat required 
to raise the temperature of a pound of water from the 
melting point of ice to the boiling point of water at 
standard pressure, or approximately the heat required 
to raise the temperature of a pound of water by 1 
degree C. The scientific unit of beat, the calorie, or 
gTam -calorie, is the quantity of heat required to raise 
the temperature of a gram of pure water from 15 to 16 
degrees C. The great calorie, or kilogram-calorie, is the 
, €6 
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quantity of heat required to raise the temperature of 
1000 grams of water by the same amount. 

According to the first law of thermo-dynamics, heat 
and work are equivalent. A definite quantity of work 
will produce a corresponding quantity of heat, and a 
definite quantity of heat can be produced by the 
dissipation or disappearance of a corresponding amount 
of mechanical work. Quantity of heat can therefore 
be measured in dynamical or work units by the amount 
of work required to produce it. Thus, dynamically, a 
quantity of heat may be measured in ft.-lbs. in the 
British Engineors’ System of units, in ergs in the o.o.s. 
system, in joules in the m.k.s. system, or in kilowatt- 
hours in electrical units. 

The measures of a quantity of heat in these two ways 
are of an essentially different character. Heat is 
objectively manifested by the fact that its absorption 
produces temperature rise and consequently actual 
measures of heat as heat must depend upon a tempera- 
ture magnitude. The dependence of temperature upon 
the fundamental dynamical units of mass, length and 
time is not apparent. Further, measures of heat as 
heat are stated in terms of a reference substanco, water. 
Measures of heat in thermal units do not therefore 
correspond to dynamical measures in an absolute sys- 
tem of units. Measures of heat in dynamical units, on 
the other hand, are really measures of equivalent 
mechanical work. The connection between the two 
measures of quantity of heat, or between the various 
thermal units and dynamical units of work, is given by 
numerical factors which are known as the mechanical 
equivalents of heat, and are denoted by the symbol J. 
To each thermal unit of heat there corresponds a 
separate value of J for each dynamical work unit. 
Thus a B.Th.U. is equal to so many ft.-lbs., so many 
ergs and so many joules, and the number of ft.-lbs., 
ergs or joules is each a value of <7, the mechanical 
equivalent of heat. 
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Temperature. Transfer or flow of heat may be con- 
ceived to be the result of a temperature difference, bo 
that temperature is a kind of thermo-motive force. 
Accordingly, temperature difference is a factor that 
enters into a statement of the magnitude of nearly all 
thermal quantities. We have already said that, al- 
though temperature almost certainly depends in some 
way upon the fundamental dynamical entities of mass, 
length and time, the nature of this dependence is not 
known and it cannot be inferred with certainty. Un- 
certainty of the dimensions of temperature is a fun da - 
mental difficulty in the application of dimensional 
theory to the science of applied heat, because, till the 
temperature dimensions can be assigned, the dimen- 
sions of other thermal quantities cannot be calculated. 
This difficulty can be overcome, or rather, avoided in 
two ways. First, dimensions of temperature in terms of 
’ r *** ' * ' ' ‘ ssumption 

'justified, 
lection of 

‘ _ cal units 

can be recognised and admitted, and temperature 
treated as an auxiliary dimensional entity to which 
a special symbol [0] is assigned. By this latter 
means, the dimensions of thermal quantities are 
worked out in terms of M, L, T and 0 We may note 
here an essential difference between an auxiliary 
dimension [0] for temperature, and the auxiliary 
dimension [^] which was used in Chapter IV for 
kinematic angle or amount of turning. Kinematic 
angle is known with certainty to be independent of 
mass, length and time, and it is introduced os a fourth 
dimensional entity into the dimensional theory of 
rotational dynamics to give this theory greater gener- 
ality and precision. The use of an auxiliary dimen- 
sional Bymbol [0] for temperature does not mean that 
temperature is independent of -If, L and T, but that, 
in the present state of our knowledge, we are unable 
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to express in a dimensional formula the precise manner 
in which temperature depends upon the fundamental 
dynamical entities. '■ 

Dimensions of Thermal Quantities in terms of If , L, T 
and 8. We have seen that the measure of a quantity of 
heat, Q, in thermal units is given by the formula, 
Q =77i^a, where m is the mass of the body absorbing Q, 
its temperature rise, and s its specific heat. The work 
equivalent to this quantity of heat, or its measure in 
work units, H, is connected with Q by the formula 
H =JQ, where J is the mechanical equivalent. Specific 
heat, a specific property of a material substance, is 
defined as the ratio of two quantities of heat ; it is 
therefore a pure number of zero dimensions. If we 
substitute dimensions in the equation : 


we have' 


and 


H ~JQ=J xmfo. 




The thermal capacity of a body, or the quantity of 
heat required to raise its temperature by unit amount, 

is in thermal units, and has the dimensions 

M0+8~M. 


Measured in dynamical units, the thermal capacity has 
the dimensions =ML S T~ S 8~ 1 and the specific ther- 


mal capacity of a substance, or the heat in dj-namical 
units required to raise the temperature of unit mass by 
unit amount has the dimensions L Z T~ Z 8~ X , the samo 


as those of J. 

Latent heat is the quantity of heat required to pro- 
duce change of state without change of temperature in 
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unit mass of a substance. Its dimensions are therefore 

those of — ot [0], 
mm 

The coefficient of expansion of a aub3tan.ce is the 
fractional change in its length or volume per degree of 
temperature change A fractional change of length is 
the ratio 
length : 
pure nur 



The coefficient of absorption or emission, A , of a body 
having a temperature difference <f> relative to surround- 
ing objects is given by the formula : 


A -0. 

where ~ is the beat gained or lost per second, and a the 

area of its surface in which heat is absorbed or from 
which it is emitted Substituting dimensions, we have, 
as the dimensions of A . 


The quantity of heat flowing per Becond, y , through a 

path of length I, and uniform cross-sectional area o, 
between the ends of which a temperature difference <f>, 
is maintained, is given by the equation : 

3__W 

t “ i ’ 

where k is the thermal conductivity of the substance of 
the path. Thus ; 
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and substituting dimensions of the quantities on the 
right-hand side of the equation, we obtain, as the 
dimensions of k : 


[*] =■» X L x i * 1 x =3f£- , r->. 


The diffusivity of a substance is defined as the 
quantity — , where k is the thermal conductivity and 
G the heat capacity per unit volume. The dimensions 
of C are those of — , where V stands for volume, or ^ « 

V<p 1? 

Thus the dimensions of diffusivity are : 


ILJLJL^w-i 

LT ' X 3 T ’ 


The thermal resistance of a heat path is the tempera- 
ture difference of its ends required to produce heat flow 
at the rate of 1 watt, or 1 joulo per second. If P stands 

for power in watts, thermal resistance is equal to p • 

As the dimensions of power are , the dimensions 
of thermal resistance are : 1 


“'T 3 


Temperature gradient, the change of temperature 
per unit length of a path of heat flow has the dimen- 
sions, 0 -=rh or L~ l 6. 

The foregoing theory of tho dimensions of thermal 
quantities, basod upon tho treatment of temperature as 
an auxiliary dimensional entity, is due to Rucker, and 
will he found in many textbooks. It avoids any 
assumptions about the ultimate nature of temperature 
that are at all questionable, but, as 6 almost certainly 
depends in some unknown way on M, L and T, it leaves 
tho dimensional theory of thermal quantities in a some- 
what vague and uncertain state. The thoughtful reader 
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may already hare noticed an apparent anomaly which, 
arises from this theory, the assigning of dimensions to the 
quantity J, the mechanical equivalent, which, at first 
thought seems to be a mere numerical conversion fac- 
tor, whereby, irom the measure of a quantity of heat in 
terms of one unit, its measure in terms of another unit 
may be calculated. 

Dimensions of Thermal Quantities in terms of M, L 
and T. The use of a special dimensional symbol for the 
dimensions of temperature can be avoided if it is 
assumed that the quantity J is a dimensionless con- 
version factor, so that the first law of thermodynamics 
asserts that a quantity of heat, defined by the formula 
m<f>3, has the same dimensions as those of the quantity 
of work which, will produce it, and to which it is ob- 
jectively equivalent. As the dimensions of work are 
ML'T-*, and as s, specific heat, is a pure number, this 
dimensional identity leads to the equation : 


~-=U6 or e=~=L’T-’. 


Temperature, therefore, has the dimensions of a square 
of a velocity. 

We may here observe that the assignment of the 
dimensions X*2 1_a to temperature can be justified by 
Joule’s kin etic theory of gases, according to which the 
temperature of a gas is proportional to the mean kinetic 
energy of a molecule. The temperature of a mass of 
gas is therefore proportional to the total molecular 
kinetic energy divided by the mass of a molecule and 
ML* ,, L* 

has the dimensions, energy— mass, or — r,— — — - 
The kinetic theory of gases is supported by much ex- 
perimental evidence, but it remains a theory and it 
refers only to one ideal class of substances. The 
deduction of the dimensions of temperature from this 
theory can therefore be regarded as no more than an 
indication that the dimensional formula L*T~* may 
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probably be true : it cannot be considered as a strict 
proof that the* formula is correct. 

Having assigned the dimensions L 2 T~ 2 to tempera- 
ture, the symbol [0] can at once be eliminated in the 
formulae in the preceding section that contains it, by 
substituting L Z T ~ * for 0. Thus J becomes a dimen- 
sionless number as does specific thermal capacity. The 
dimensions of latent heat become L 2 T- Z , and those of 
coefficient of expansion, or 0- 1 , L~ a T*. 

Coefficient of absorption, thermal conductivity and 
diffusivity all have dimensional formulae independent 
of 0, and these formulae are therefore unchanged for 
the ilf, L and T system. 

Thermal resistance measured by ^ will have the 
dimensions : “ 


TJi 73 t 

_ x =—= = M- 1 T 

T* ML 1 M 


The dimensions of temperature gradient will be fpi—L 
or LT-\ . 1 


Dimensions of Thermal Quantities 


Quantity 
Quantity of heat 
Temperature 
Specific heat 

Mechanical equivalent, J 
Specific thermal capacity in 
dynamical units 
Latent heat 
Coefficient of expansion 
Coefficient of absorption or 
emission 

Thermal conductivity 
Diffusivity 
Thermal resistance 
Temperature gradient 


M, L, T and 6 

M,LandT 

M9 

ML*T-i 

0 

L 2 T~ 2 

Zero dimen- 

Zero di- 

sions 

mensions 

e - 1 


L-T~ z 0- 1 

» 

6 

I?T~ 2 

e - 1 

L~ Z T * 

Ml-'-T-' 

ML~ 2 T~ 2 

ML-'T- 1 

ML- l T-' 

L 2 T~' 

L* T- 1 

M~* l-^t 3 e 

M~'T 

L- 1 9 

LT~ 2 
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The Mechanical Equivalent of Heat, J. The two sets 
of dimensional formulae for thermal quantities are, as 
we have already pointed out, based upon two radically 
different conceptions of the essential character of the 
quantity J, the mechanical equivalent of heat. The 
necessity for the use of the auxiliary dimensional sym- 
bol [ arises because of the assumption that the 
measure of a quantity of heat in thermal units has 
dimensions different from those of the quantity of work 
to which, according to the first law of thermodynamics, 
it is exactly equivalent A dimensional formula in 
terms of the dynamical entities L and T is assigned to 
temperature on the assumption that the measures of 
quantity of heat and equivalent amount of work have 
the same dimensions The one assumption assigns a 
dimensional formula to J, the other treats J as a 
dimensionless number. Each of these ideas raises 
difficulties. From one point of view J appears plainly 
to be a mere numerical conversion factor. As volume 
or capacity can be measured either in cubic inches, 
cubic feet and so on m one way, or in pints, quarts and 
so on in another, to each measure in the one kind of 
unit such as cubic feet, there will be a conversion factor 
for turning this into the equivalent m pints or quarts, 
and these conversion factors will all be dimensionless 
numbers. So, it would appear, to each measure of heat 
in such thermal units as B.Th.U.’s or calories there will 
correspond a conversion factor for turning this measure 
into the equivalent in ft -lbs or ergs and so on, and that 
these factors are dimensionless numbers. On the other 


hand, the assumption that J is a dimensionless number 
leads to another difficulty, that the quantity specific 
thermal capacity, or the heat required to produce unit 
temperature rise m unit of a substance, is a 

dimensionless number liVoaplieific heat defined as the 
ratio of two quantities ofhe&t\t- 
We can explauv^*a'd illustrate^ 3 difficulty best by 
an analogy . Consider the eq natiotf m = s * * where m is 
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the mass of a body in grams, S its specific gravity, and 
V its volume in cubic centimetres. As specific gravity 
is the ratio of two masses, it is of zero dimensions, so 
that we have the dimensional formula M=L S . This 
dimensional formula will not fit an absolute Bystem of 
units in which the mas3 and length units are arbitrarily 
defined. In fact, the formula implies that the mass unit 
is defined in terms of that of unit volume of a standard 
substance, water. Thus M =A 3 is a dimensional 
equation which is not universally true. Tho general 
relation between m and V, m=aV , is true only if c is, 
not specific gravity, but density, defined as the mass of 
unit volume of the substanco concerned, and density is 
of course a dimensional quantity. The equation 
m=SV to be universally true must be modified by the 
introduction of another factor and be stated m=8Vo it 
whero is the mass of unit volume of water in tho sys- 
tem of units that is relevant, ct, is essentially a density 

of dimensions ^ so that the equation m—SVa 1 is 

dimensionally equivalent to M = 31. 

If the reader has followed and carefully considered 
the foregoing argument, he will probably be in a position 
to understand the doubt of the validity of assuming 
that J, the mechanical equivalent of heat, is a dimen- 
sionless conversion factor. The measure of a quantity 
of heat Q, in units based upon a unit of mass and one of 
temperature difference, as where s is a dimension- 
less ratio, is true only if the heat unit is defined in 
terms of unit m, unit <f>, and in reference to tho standard 
substance, water, which is used to define s. As the 
formula, m =SV for mass in terms of specific gravity 
and volume is tme only for a system of unitB in which 
the mass of unit volume of water is unity, so the 
equation Q =m<j>s is true only for heat units in which 
the quantity of heat to raise the temperature of unit 
mass of water by unit amount is also unity. Further, 
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as to make the equation m=SV true for any absolute 
system of units, the factor o, , the density of water must 
be introduced, giving m=SVa It where o 1 is a dimen- 
sional quantity, so, to make the equation Q=m<}>3 true 
for a system of absolute units based upon arbitrary 
units of mass, length and time, an additional factor J 
must be introduced giving Q=Jm<f>s, where J is the 
measure of beat in dynamical units required to pro- 
duce unit rise of temperature in unit mass of water, and 
is an essentially dimensional number like <r l the density 
of water. In other words, J, the mechanical equivalent 
of heat, can also be considered as a physical character- 
istic of water, its specific thermal capacity in dynamical 
units. 

If the foregoing views are correct, then it seems that 
the theory of the dimensions of thermal quantities 
based upon the assumption that J is a pure number, 
is fundamentally unsound, and that, notwithstanding 
the apparent sanction given by the kinetic theory of 
gases, the validity of the dimensional formula L*T~* for 
temperature is open to serious doubt. If the reader 
pursues his studies of applied physics, he will find that 
the dimensions of thermal quantities are given in both 
of the above ways, that is, m terms of M, L, T and <?, 
and in. terms of M, L and T only, and the latter system 
of thermal dimensions has the authoritative support of 
the late Dr. Lan Chester in his treatise ‘ Theory of Dimen- 
sions ' . Both sets of statements of thermal dimensions 
lack the clanty and coherence of the dimensional theory 
of dynamical quantities, the relation of which to the 
fundamentals M, L and T can be worked out with 
certainty. This lack of clarity is, perhaps, a necessary 
consequence of the fact that a temperature unit has 
practically to be defined in reference to a physical 
property of a material body, water, or a gas that is 
supposed to approximate in fundamental character to 
a so-called perfect gas. Although there is a thermo- 
dynamic scale of temperature, it is not at the present 
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time possible exactly to define a temperature unit in 
terms of dynamical units. Till this is possible, it would 
seem desirable to avoid the ambiguity and weakness of 
treating J as dimensionless, and to retain the auxiliary 
dimensional symbol [6] in the dimensional formulae for 
thermal quantities. 

The following table gives the various mechanical 
equivalents of heat, that is, the values of each thermal 
unit in terms of the three dynamical units correspond- 
ing to the British Engineers’, the c.g.s. and the m.k.s. 
systems. J is an experimentally determined number, 
and at the present time its value is not known quite 
as closely as 1 part in 10,000. We shall see, in a subse- 
quent section, how, given one value of J, others are 
calculated. 


Mechanical Equivalent of Heat 


Thermal Unit 

Dynamical Unit 

}l.-lbs. 

ergs 

joules or 
icatt- 
seconds 

B.Th.U. 

777-8 

1-07 x 10 !O 

1070 

C.H.U. 

1400 

1-93 x 10 10 

1930 

gram-calorie 

3-09 

4-184 x 10 T 

4-184 

kilogram calorie 

3090 

4-184 xlO 10 

4184 


The Gas Constant. The relation between the pressure 
■p, the volume F, and the absolute temperature j> a , of a 
so-called perfect gas is expressed by the equation, 

pV=mRd> a or -~R6 a , 

«r 

where m is the mass of the gas, u its variable density, 
and R is a constant for the particular gas. These 
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equations are very approximately true for actual gases 
at temperatures considerably above the critical 
temperature, If is often called the gas constant, and it 

is equal to ■ 

m>f> a 

If we substitute the dimensions of the factors in this 
expression, then, as the dimensions of pressure are those 
of force —area we have for the dimensions of Jt : 


m=^'r’*v x ji x l= LtT -' 


and these dimensions are the same as those of J. We 
observe that the quantity pV has the dimensions 
ML'T-*, those of work, so that if, objectively, is work 
per unit mass per degree of temperature, if divided by 
J or— gives the thermal equivalent of work, or thermal 
units per unit of mass per degree of temperature, -j is 
of zero dimensions, and it has the character of a specific 

heat. Actually, — is the difference of the specific heats 
J 

of a perfect ga3 at constant pressure and constant 
volume, tho greater value of the former specific heat 
being due to the external work done in the expansion of 
the perfect gas, the internal work being zero 

If V 0 stands for the volume of a mass m of gas at 
standard pressure p 0 and standard absolute tempera- 
ture <f> a , then if = - 0 ) ° , where p 0 , and m and <£ 0 are all 

m Y0 

known quantities. Thus if can be calculated for any 
particular gas. If the mass tn of the gas is what is called 
the gram -molecule, or that of a standard volume of 
22,320 cubic centimetres at standard atmospheric 
pressure, and at a temperature of 273 degrees absolute, 

17" 

the quantity — 2 is the same for all gases, so that the gas 
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constant R defined in this Tray is independent of the 
particular gas, and has the invariable value of 
8-14 x 10 7 ergs per degree. This special valuo of R, 
divided by J, gives an equivalent in thermal units, 
which is approximately 2 gram-calories per degree. 
Thus, for all gases which approximate in characteristics 
to those of a perfect gas, pV=R$ a , where R is equal to 

8*24 x 10 7 ergs per degree, and -=■ is 2 gram-calories per 
degree. 

The several meanings of the gas constant must be 
carefully distinguished. R in the equation -=R<f> a is 
expressed in work units per unit mass per degree and 
depends upon the particular gas, — is expressed in 

thermal units per unit mass per degree. If the equation 
pF =R<f> a refers to a gram-molecule of the gas and not 

to unit mass, R in work units per degree, or ~ in ther- 
mal units per degree, is independent of tho gas, pro- 
vided that the temperature remains considerably above 
the critical value. 

Conversion Factors for Thermal Quantities. We have, 
in a previous section, discussed the merits of the two 
systems of dimensional formulae for thermal quantities, 
from the purely theoretical point of view. When we 
come to the practical use of these formulae in the cal- 
culation of conversion factors, wo find that the system 
in which a dimensional symbol is retained for tempera- 
ture has material advantages. We shall illustrate the 
use of thermal dimensions formulae in this way by a 
few examples. 

What is tho factor for converting B.Th.U. to gram- 
calories 1 Here the units are those of a quantity of 
heat Q with the dimensions MO. The basic factor for 
M is the number of grains to one pound of mass or 



one 
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452, and the number of Centigrade degrees t Q 
Fahrenheit degree, or f. Thus : 

1 B.Th.U. = 454xf =252 gram-calories. 

If the value of J, the mechanical equivalent of heat, 
is 778 ft.-lbs. per B.Th.U., what is its value in ergg per 
gram-calorio? Hero wo must note that in using 
dimensional formulae, the units in each statement of J 
must be consistent . that is, each must belong to the 
same absolute dynamical system. Now the B Th.U. is 
not consistent in this way ; the work unit, the ft.-lb. 
corresponds to the British Engineers’ System, while 
the mass unit, the pound, corresponds to the f.p.s. 
system We must therefore change the given value of 
J from ft.-lbs. per pound per degree F. to ft.-lbsj. per 
Bhig per degree F. This value of J', consistent with the 
British Engineers’ System of units, is therefore 
778 x 32*2, because 1 slug of mass = 32-2 pounds. 

Th,s* /ram aula farJ is =^- • As iht> unit 

l *o 

of time is the same foT both the British Engineers’ and 
the c.o.s. systems of units, the required conversion 

factor depends upon ,and it is the square of the centi- 
metres in I ft. divided by the C degrees correspoiiding 
to 1 degree F. These two basic conversion factors are 
respectively 929 and f . Thus : 

J = 778 x 32-2 x 929 xf 
=7*78 x 3-2 2 x 9-29 x 1-8 x 10 s 
=419 x 10 s 
=4*19 x 10’ 

Thus, alsc 9 ’ ** ’ 

1 joule, or 1 

To conver . ; ; 

C.H.U., the basic conversion factor is merely the 


ergs per gram-calorie 
do. 
do. 
do. 
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degrees C. in a degree F. or f, so that : 

J= 778^|= 1400 ffe.-lbs. per C.H.U. 

The thermal conductivity of slate is quoted as 
1 B.Th.lJ. per hour, per foot, per degree F. ; what is 
its value in gram-calories per second, per centimetre, 
per degree C.? Here the dimensional formula for k, 

thermal conductivity, is -jr= and the conversion factor 

71 

is , where % is the number of grams in 1 pound, 

453 ; 7i 2 the centimetres in I foot, 30*48 ; and n 3 the 
seconds in 1 hour, 3600. The conversion factor is 
therefore: 

453 

7i 2 7i 3 — 30*48 x 3600 ' 

The required value of k, the thermal conductivity in 
c.G.s. units, is therefore : 

453 

1 x 57 T Y 5 — x gram-calories per second per 
30*48x3*6 cm. per degree C. 

=4*14 x 10 -3 do. 

or, approx. 0 004 do. 

Example of the Application of Thermal Dimensional 
Formulae. A horizontal wire heated by the passage of 
an electric currentandplacedinamoving coolingmedium 
will lose heat at a rate proportional to its length l, and 
to its temperature difference $ relative to that of the 

medium. This rate, ^ per second per unit length 

per degree, depends also in some way on the velocity v 
of the medium, upon the product ixO where k is its 
thermal conductivity and G its thermal capacity per 
unit voltuno and upon the diameter d of the wire. 
Symbolically : 


=b XV s x ( kC) v x d s . 


where b is a dimens ionless constant. The dimensions 
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of a are those of Q par degree per unit of volume or 
MB M „ . , 

' Substituting the dimensions of other 

quantities, we have, as the dimensions of (kC) are 
J£ Jf M* 

LT* L*~L*T ' 

[ 4 ] * WL-v-’-y * [L]-, 

and, equating dimensions of M, L and T in the usual 
way, we obtain : l — *»y 

-l=x~4 y+s, 

- 1= -x-y. 


From the first and third equations we have y and 
x=i, and substituting these values in the second 
equation: 1 = 2 _j_ 2 or z = h 

so that ^=6 xJ(vkCd). 

If the temperature difference <£ is constant, the rates 


per unit length which is proportional to ^ . Thus, For 
an assigned steady temperature rise, 

~ is proportions 1 to *fd, 

and I, the current required to produce this temperature 
rise, is proportional to J(d 7 x */c£) = for fixed values 
of v, h and O applicable to the cooling medium. This 
shows that if the fuse -element wire of a fuse is cooled 
by convection only, the current required to raise the 
temperature of the fuse wire to melting point is pro- 
portional to the £ power of its diameter. 



CHAPTER VT 

DIMENSIONS OE ELECTRICAL QUANTITIES 

Electrical Units . The applications of dimensional theory 
to the science of applied electricity raises difficulties of 
a moro serious character than those so far encountered. 
Hitherto, it has been found desirable to introduce into 
dimensional analysis a symbol for a dimensional entity 
additional to those for mass, length and time, for two 
reasons ; the first, to give greater generality to the 
dimensional formulae for the quantities applicable to 
the dynamics of rotation and, the second, to avoid an 
insufficiently justified assumption of the dimensions of 
temperature in terms of M, L and T. There was no 
essential need for these additional symbols ; the 
dimensional formulae of the dynamics of rotation are 
customarily expressed in terms of M, L and T only, 
while the ascription of the dimensions L l T~ x for 
temperature has authoritative sanction. When, how- 
ever, we come to work out the dimensions of electrical 
quantities, the use of a fourth dimensional symbol is 
found to he absolutely necessary in order to avoid a 
contradiction of the fundamental axiom or principle, 
that the dimensions of a physical quantity can be ex- 
pressed in one way only. The question in the applica- 
tion of dimensional theory to applied electricity is not 
whether an additional symbol is desirable, but what 
quantity is best chosen as a fourth dimensional entity. 

There are two distinct absolute systems of electrical 
units which are based upon the fundamental c.G.s. 
units of length, mass and time. The o.g.s. Electro- 
static system depends upon the idea of an isolated 
quantity of electricity on the surface of an insulated 
body. The definition of electrical units in this system, 
is based upon the law that two identical quantities of 
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electricity, q, eupposed to be concentrated at points at 
a distance r, in a medium, of permittivity k, will be acted 


upon by a force that is proportional to ~ • A quantity 

of electricity, or a charge as it is sometimes termed, on 
the surface of a body, tends to escape to earth, and this 
tendency is called the potential V. The product qV is 
proportional to the energy in the charge. The per- 
mittivity of a medium, k, is usually defined as the ratio 
of the quantity on a definite body for unit potential in 
this medium, to the quantity for unit potential in a 
vacuum or in free space The permittivity of free space 
is therefore unity. Unit quantity of electricity in the 
C.G.s. Electrostatic system is defined as that which will 
act upon a similar quantity at one centimetre distance 
in. free Bpace with a force of 1 dyne. Unit potential 
associated with unit quantity corresponds to 1 erg of 
energy. Unit current is the flow of unit quantity in 
unit time, or one second 

The second absolute system of electrical units is 


upon by a force proportional to , and unit magnetic 


pole is defined as that which will act upon a similar 
magnetic pole at 1 centimetre distance in free space 
with a force of I dyne. The property, permeability, 
of a medium is based upon the conception that a 
magnetic pole is the origin of lines of magnetic flux 
which arise from a magnetising force. The permeability 
li of a medium is defined as the ratio of the magnetic 
flux produced by a stipulated magnetising force in a 
stipulated path in the medium, to the flux produced by 
the same magnetising force in the same path in free 
space. The relation of electric current to magnetic pole 
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strength depends upon the law that if a current J flows 
in a circular path of length l and radius r, a magnetic 
pole of strength m at the centre of the path will be 

acted upon by a force proportional to , and this 

force is independent of the medium in which the action 
takes place. Unit current in the c.g.s. Electromagnetic 
system is defined as that which, flowing in a circular 
path 1 centimetre in length and 1 centimetre in radius, 
will aet on unit magnetic pole at the centre of the path 
with a force of 1 dyne. Unit potential difference caus- 
ing the flow of unit current will correspond to power at 
the rate of 1 erg per second. The connection of electric 
current with the basic magnitude, unit pole, in the 
Electromagnetic system is much more remote than the 
corresponding connection of current and the basic 
magnitude, quantity or charge, in the Electrostatic 
system. 

We have, thus, two distinct ways in which a unit of 
electric current or rate of flow of electricity can be 
defined in reference to the fundamental units, the centi- 
metre, the gram and the second, and an objective 
current flowing in a conductor can be measured by 
either of these units. There is no essential reason why 
these two measures should be the same, or, in other 
words, why unit current in the one system should be 
identical with unit current in the other. But although 
the numerical measures of current in the two systems 
need not agree, the dimensions of the magnitude, 
current, deduced from the physical laws upon which the 
definitions of the units are based, must be the same 
because, according to the fundamental axiom of 
dimensional analysis, the dimensions of the samephysical 
quantity can he expressed in one way and only one way. 

Dimensions of Electrical Quantities. We have seen 
that electrical units, considered as derived units of the 
c.G.s. system make contact with the simple dynamical 
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units in two ways ; first, in the specification of unit 
force of 1 dyne for the mutual action of unit quantities, 
unit magnetic poles, and unit current on unit magnetic 
pole, and secondly, in the principle that the association 
of unit quantity of electricity with unit potential 
difference corresponds to umt quantity of energy or 
1 erg. As the quantities k and p in the formulae for the 


flux in the c — r ' f •'* -* c — * - ! ~ ti * v -* — 

quantities, 
reference t 

similar m character to specific gravity and specific heat 
which refer to a reference substance, water, so that k 
and ft are magnitudes of zero dimensions. On this 
assumption we can easily work out the dimensions of 
current in two ways, the first through the law of the 
Electrostatio system of units, and the second through 
the laws of the Electromagnetic system. 

If we start with the fundamental law of the Electro- 
static system, we have for the force F acting on two 
quantities, each q in magnitude : 

F=~- or q*=Fr*K, 

r*K 

substituting the dimensions of F and r*, and assuming 
that k is dimensionless : 


, .. ML T . ML * 
C? ]— ™ x L — 


and [q]=MU*L*i*T-K 

Aa current I is measured as q divided hy time, the 

dimensions of current are : 




If we start with the fundamental law of the Electro- 
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magnetic system of units, we have for the force F acting 
on two magnetic poles, each of strength m : 

F=^~ or m z —Fr-a, 
r-p. 

and, assuming that fi is dimensionless, we have for the 
dimensions of m 2 , or [m 2 ] : 




ML* 

/7I2 


and [m] = M^L^T- 1 . 

The law connecting pole strength m with current 1 is : 


F- 


mil 

:_ r 2_ 


or 


I 


Fr* 

ml 


The dimensions of current [J] are therefore given by : 
ML 11 
x2>x £ x [m] 


MI? 

T°- x 


=M lls L'l"T- 1 . 


By following two separate h'ncs of argument, we have 
arrived at two dimensional formulae for electric current 
I ; the formula M 1IZ L 3I2 T~ 2 corresponds to the Electro- 
static system of units and tho formula to 

the Electromagnetic system. These two formulae are 
not in agreement as they should be according to tho 
basic axiom of the theory of dimensions. There must, 
tlieroforo, be some fallacy or false assumption in at 
least one of tho linos of argument. A possible reason 
for the inconsistency of the two dimensional formulae 
is that one of the quantitative laws used to establish 
them is not true, but as the laws of electrical science 
have long acquired the final sanction of agreeing with 
experience and experiment we may reject this supposi- 
tion at once. The only other explanation of the 
dimensional inconsistency is that the assumption that 
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■ ' 1 bility ft, are 

■ ■ ■ ■ mensionless, 

■ ‘ ■ . . To obtain 

ft correct formula for the dimensions of an electrical 
magnitude such as current, we must retrace oar steps 
and use an additional symbol for the unknown dimen- 
sions of either k or u. 

If we' — ’ — * ’ r * * * ■ ■ ***—■■ 

as define ' 

assign tl _ ' . 

permittivity, we have, from the basic equation 
9 l =!>**, the dimensional equations : 

r ML r, 

XK » 

and 

and the dimensions of current, being those of 
are given by : 

Similarly, by introducing a dimensional symbol [p], 
for permeability in the fundamental law of the Electro- 
magnetic system of units we find that the dimensions of 
magnetic pole strength are 2 f ir *L aJX T~ 1 ft i,t , and from the 

law connecting current I and pole strength m, F =— j- 
i>* . r 

or I — — - , we obtain the dimensional equation ; 
ml 




ML 

T* 


xj C,*x 

AIL' 

~ r f t 


L 1 

1 

* M lfi L* p T - 1 pi * 


= M l i 1 IA n T'- i pr't*. 


"We hare now obtained two distinct dimensional for- 
mulae for the same physical magnitude, current, and 
these two formulae must be equivalent in that they both 
mean the same thing. We can therefore equate them 
and obtain : 
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= MUW-T- 1 ?.- 1 '*, 
or' k , V' 2 =£“ 1 Z’> 




1 


The magnitude where ftracd/z stand respectively 

for the measures of the permittivity and the permeability 
of a medium, has the dimensions of a velocity, k and /x 
cannot, therefore, both he dimensionless. We can 
express the dimensions of either k or (i in terms of the 
other, and L and T by the equations : 


M 

M=L- 2 T ! /c- 1 . 

We can proceed with the calculation of the dimen- 
sions of eleotrical quantities by using the relation that 
quantity of electricity q, or It, multiplied by potential 
or potential difference V, represents energy. Thus, 
using [/e] as a dimensional symbol, we have : 

[q\x[Y] = ML”-T-*, 
and [Y] = ms-T- n ' x[q]-i = ML°-T- a - x 


And as electrical resistance is defined by V -rf, the 
dimensions of resistance [EJ arc given by : 

[*]=[!'] x[/J-* 

X « = L-'Tk-K 


Using [^i] as the additional sjmbol and proceeding 
from the dimensions of I as defined by the laws of the 
Electromagnetic system of units, we have : 

[F] =ML-T~- x [IT ] |-> =ML-T-"- x M~™L- ‘V“ 
=3P-l'-LU"T-"y}i n -, 
and [R}=[V]~[I], 

, = M 1 t-L s ‘-T-- t i 112 x 3I- 1 t-L-u-Tp} 

=LT~ l fi. 
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We shall eee later how, having established dimen- 
sional formulae for I and V, the dimensions of all other 
electrical and electromagnetic magnitudes arising in 
electrical technology can he deduced. 

The foregoing arguments have established two facts 
regarding the theory of the dimensions of electrical 
quantities. First, the assumption that the quantities, 
permittivity and permeability are dimensionless like 
specific gravity and specific heat, is unwarranted. One 
at least of these quantities must be dimensional. 
Secondly, one 'additional dimensional symbol is suffi- 
cient to express the dimensions of electrical magnitudes. 
This latter conclusion follows it should be noted, from 
two principles or postulates, first that the dimensions 
of quantity of electricity multiplied by potential 
difference are those of energy, and, secondly that the 
force exerted by a current flowing in a circular path on a 
magnetic pole is independent of the medium in which 
the action takes place 

The dimensions of other electrical magnitudes in 
terms of II, L, T and k and in terms of II, L, T and n 
will be found on the table on page 101. The reader 
will have noticed that, in this chapter, we have, for the 
first time, had to use fractional exponents or indices for 
M, L and T in dimensional formulae. 

Ratio of the Magnitudes of Electrical Units. Owing 
to the different ways in which an electrical unit such as 
quantity is defined in the two systems of units, the 
Electrostatic and the Electromagnetic, the measures 
of a quantity or charge in terms of the two units are very 
different numerically. The Electromagnetic unit of 
quantity is equal to 10 coulombs or 10 ampere-seconds, 
and this is enormously greater than the Electrostatic 
unit charge which would act on a similar charge at 
1 centimetre distance with a force of 1 dyne, and which 
is about equal to the charge communicated to an iso- 
lated sphere, 1 centimetre radius by a potential of 
300 volts. 
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But why, it may be asked, are corresponding units of 
the two s 3 *stems different in magnitude, since each is 
referred ultimately to the same fundamental units of 
mass, length and time? The answer to this question is 
that, in defining the two sets of units, it has been assumed 
that the permittivity k and the permeability y of free 
space each hare the value unity. But as corresponding 
units do not agree in magnitude, this assumption must 
be wrong and the k and y of free space cannot each bo 
equal to 1 ; if we assume unity value for one of these 
quantities, the other must have a value different from 
unity. 

We have seen in Chapter m that the number of 
derived units of one system that is equal to one corres- 
ponding derived unit of another system depends both on 
the dimensions of the unit, and upon the ratios of the 
magnitudes of the fundamental units of the two sys- 
tems. Now, the fundamental units of mass, length and 
time in the Electrostatic and Electromagnetic systems 
of units are identical ; each is a c.G.s. system. The 
ratios of the magnitudes of corresponding units of the 
two systems must therefore depend in some way on the 
ratios of the measures of permittivity or permeability 
in the two systems. In the Electromagnetic system the 
permeability y of free space is unity, so that the ratios 
of corresponding units of the two systems will depend 
in some way upon the measure of the permittivity of 
free space in the Electromagnetic system of units. At 
present, however, there is no means whereby this 
measure of permittivity can be made directly. 

We shall see later, however, how the ratios of the 
magnitudes of other corresponding units in the two 
systems can be measured experimentally. Suppose 
that it has been found that 1 Electromagnetic unit of 
quantity is equal to c Electrostatic units. Now, 
according to the basic law defining the Electrostatic 
system, if two such quantities, each of c Electrostatic 
units could be concentrated at points 1 centimetre 
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distance in free space, they would be acted on by a force 
c* e* 

equal to c * dynes. If this law is to fit the 

Electromagnetic system of units, so that unit quan- 
tities at unit distance are acted on by unit force in a 
medium for which k= 1, then for a medium, free space, 
in which the force is c* dynes, we must have the relation 

lxl 

c* dynes = ^ where k is the measure of the permittiv- 
ity of free space in Electromagnetic units. Thus, k of 
free space in the Electromagnetic system of units must 

have the value — , and as the permeability /i of free 
c 1 

space in this system is 1 , the quantity — must be equal 
to c a . 

A comparison of tho magnitudes of corresponding 


receive a charge of electricity is defined as where q 

is the quantity in the charge and V the potential. Now, 
the dimensions of capacitance, C , are those of q — I' or 
=[Lk\ This shows 
that capacitance depends on lmear dimensions and per- 
mittivity only, and, as a matter of fact, the capacitance 
of a body of suitableshape can be calculated precisely in 
Electrostatic units from its dimensions and from th e value 
of thepermittivityoftheadjacentmedium assessed on the 
basis that the permittivity of free space is unity, fur- 
ther, the magnitude has the dimensions of ~ , for 

V 

resistance is equal to . C, therefore, has the same 

j 1 

dimensions as -=5, wh/ cf " c is a frequency. Now, the 
iimetre 

Electromagnetic mg' -^sistance can be made 
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precisely, and Maxwell devised an experiment in which 
■ the Electromagnetic measure of a capacitance C was 
found in terms of known resistances and the frequency 
of an oscillating contact maker. From this measure 
and the Electrostatic measure based upon dimensions 
and capacitance, Maxwell found : 

Electrostatic measure of a capacitance _ ^ 
Electromagnetic measure of same capacitance 

iSTow, the dimensions of capacitance are [Lk] and, as 
explained in Chapter m, the number of Electrostatic 
capacitance units in one Electromagnetic unit must he 
Jijiij where % is the ratio of the length units and n 2 that 
of the permittivity units of the two systems. But n, = l 
because the centimetre is the length unit for both sys- 
tems. The Electrostatic capacitance units correspond- 
ing to one Electromagnetic unit must be equal to n 2 , 
where tj 2 is the ratio of the Electrostatic unit of per- 
mittivity to the Electromagnetic unit. Thus n, must 

be equal to - where the 1 of the fraction is the Electro- 
static measure of the permittivity of free space, and k 
is the Electromagnetic measure. Thus : 


and 


7l 2 = 9 



k 


1 

9 x 1 0 50 ’ 


Kft’ 


where k and f± stand respectively for the electromagnetic 
measures of the permittivity and the permeability of 
free space, since the ft of free space has the value 
unity. t 

The permittivity of free space therefore has the 
numerical value 1/(9 x 10-°) Electromagnetic units, so 
that, if it were possible for two Electromagnetic unit 
quantities to be concentrated at points at 1 centimetre 
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distance in a vacuum, they would be acted upon by a 
force of 9 x 10 so dynes. 


We have Been that the quantity — has the dimensions 

L l T~* or those of the square of a velocity. According 
to theory, the velocity of propagation in centimetres per 
second of electromagnetic waves in free space is equal to 

^ j where k and fj. are the measures of the permittivity 
and permeability in any cos. system of units- The 


velocity corresponding to the quantity in Electro- 


magnetie measure is therefore 3 x 10 10 centimetres per 


second, and this agrees with the velocity of light found 
by other methods. 

Practical Electrical Units. The o o s. electrical units 


of both of the systems so far considered are practically 
inconvenient for two reasons. First, the magnitudes of 
these units are unsuitable, and, secondly, the accurate 
measurement of an electrical magnitude in terms of 
fundamental units is very difficult For these reasons, 
practical electrical units are defined objectively in 
terms of subsidiary fundamental units of current and 
resistance which, by exhaustive experiment, have been 
proved to be highly approximate decimal multiples of 
the Electromagnetic units. 

The practical umt of current, very nearly equal to 
j^th of a c.a.s. Electromagnetic unit, is defined as the 
unvarying current which, when passed through a 
solution of silver nitrate in water in accordance with 


standard specifications, deposits silver at the rate of 
0-001 118 grams per second. This unit is known aa the 


‘ international ampere ’ . 

The practical unit of resistance, the ‘ international 
ohm which is very nearly equal to 10“ c.o.s. Electro- 
magnetic resistance units, is the resistance to an 
unvarying current offered by a column of mercury at 
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the temperature of melting ice, 14-4521 grams in mass, 
of a constant cross-sectional area, and of the length. 
106-3 centimetres. 

From these concretely defined units, other derived 
electrical units follow. Unit potential difference is 
given at the ends of unit resistance with an unvarying 
unit current. Unit potential difference causing the 
flow of unit current corresponds to 1 watt of power, or 
1 joule =I0 ? ergs per second. 

The onl}' Electrostatic unit employed in practice is in 
the calculation of capacitance from linear dimensions. 
The result of such a calculation gives a measure in 
Electrostatic units. To convert this measure to c.G.s. 
Electromagnetic units, we have seen that it must he 
divided by 9xlO w . But as the practical unit of 
potential difference, the volt, is equal to x 10 5 where 
and 1<P are respectively the c.c.s. measures of the 
ampere and the ohm, the volt = 10 s Electromagnetic 
units. The practical unit of capacitance, the farad, 
corresponding to a charge of one ampere second per 
volt is equal to 10 x 10’ = 10* Electromagnetic units. 
Thus the farad measure of a capacitance is equal to its 
measure in Electrostatic units multiplied by 

10 ^( 9 * 10 -)=^, 

and micro-farads —Electrostatic units multiplied by 
1 

9 x 10 s * 

JAILS. Absolute Electromagnetic Units. As the 
energy unit corresponding to the practical electrical 
units, the ampere and the volt, is the watt-second, 
joule, or the newton-metre, these electrical units 
correspond to an absolute system in which the funda- 
mental units of length and mass are the metre and the 
kDogram respectively. Unit magnetic pole in this 
h.kj~. Electromagnetic system will be defined as that 
which acts on a similar pole at 1 metre distance with a 
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unit force of 1 newton in a medium of permeability 
equal to unity. 

From the fundamental equation connecting current I 
with pole strength m, or F—^^ , we have m > BO 

that the dimensions of m in terms of JH, L, T and 
current, are : 

ML 1 I ML* 1 

T 2 * * L* [Current] - T 2 * [Current] 

We therefore have : 

1 unit m.k.s. magnetic pole=^^- cos unit poles, 

n a n * 

whore is the number of grama in one kilogTam, 1000 ; 
n s the number of centimetres in one metre, 100; 
n a = 1 because the time units in the two systems are the 
same, and n 4 is the number of o.o.s. current umts in 
one ampere, Thu3 : 


1 unit M.K.S. pole = 


1000 x 100* 


= 10* c.G.s. unit poles. 


Now, two equal magnetic poles of strength 10* 
c.G.s. Electromagnetic units at 1 metre or 100 centi- 
metres distance in free space, will be acted upon by a 
force of : 


10* x 10* • 

— Yqqz — = 10 1! dynes = 10 7 newtons, 

as the permeability of free space in cos. Electro- 
magnet} c units is 1 . In m.k.s. units , th ese two unit poles 
at unit distance of 1 metre will be acted upon by a force 
of 10 7 newtons in a medium of permeability ^ where jij is 
the M K s. measure of the permeability of free space ; 
therefore 


F^T 10 ’ or 
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10 -r is therefore the measure of the permeability of free 
space in m.k.s. units. 

The Fourth Dimensional Entity for Electrical Quan- 
tities. We hare seen that, although the quantities 
permittivity k and permeability y are usually defined 
as the ratios of magnitudes of the same kind, the 
assumption that these quantities are, like specific 
gravity and specific heat, both dimensionless, leads to a 
fundamental inconsistency of the dimensions of 
electrical quantities worked out in two different ways. 
We have seen also that although the dimensions of the 
quantities k and y in terms of M, L and T are each 
unknown, the dimensions of their product ay are L -i T l , 
so that the dimensions of each can be expressed in 
terms of the unknown dimensions of the other and 
of L and T. Two complete sets of dimensional 
formulae can'therefore be established, the one in terms 
of M, L, T add k, and the other in terms of M, L, T 
and y. 

Although an additional symbol or a fourth dimen- 
sional entity seems essential for expressing the dimen- 
sions of electrical magnitude, a suggestion has been put 
forward by Fitzgerald, whereby this additional symbol 
can be avoided. This suggestion is that the dimensions 
of k and fi are assumed to be the same, so that each has 
the value L~ l T to satisfy the dimensional equation 
[kh]=L~-T~. On this assumption, the magnitudes q, 
or quantity of electricity and in, pole strength, will have 
the same dimensions in terms of M, L and T. Although 
however the magnitude Kfi certainly has the dimensions 
L~-T 2 , there is no justification whatever for assuming 
that the dimensions of k and y are the same. The 
suggestion that they are is merely a guess, and as the 
two magnitudes are of a very different physical charac- 
ter, the suggestion seems, on a -priori grounds, to be 
inherently improbable. 

But, although it has been necessary to assign^ some 
unknown dimensions to the quantities k and y in the 
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fundamental lairs on wliich the tiro systems of electrical 
units are based, there is no essential reason why either 
of these quantities need be used as a fourth dimensional 
entity. We have explained in Chapter II that the 
choice of fundamental entities can be arbitrary, and 
that it can be made on the grounds of convenience. 
The reasons that mass, length and time are used as the 
fundamental dimensional entities in dynamics are, 
first, that these entities correspond to concretely and 
exactly defined units, and, secondly, that the dimen- 
sional formulae based upon them are the simplest in 
the long run. The fourth dimensional entity necessary 
for expressing the dimensions of electrical quantities 
can likewise be chosen arbitrarily and this choice can be 
that of an electrical magnitude measured in a con- 
cretely defined unit, or of one which leads to the 
simplest dimensional formulae. Accordingly, two 
electrical magnitudes, alternative to k and p, are used 
for the fourth dimensional entity ; these are resistance, 
and charge or quantity of electricity. 

Eesistance as a Fourth Dimensional Entity. The use 
of resistance as a fourth dimensional entity has the 
sanction that a practical unit of resistance, like a unit 
of length, can be objectively realised by a column of a 
liquid metal of a stipulated shape, so that a resistance 
unit is comparable in simplicity and exactness of 
definition with a mass and a length unit. The dimen- 
sions of electrical quantities in terms of M, L, T and 
resistance R can be worked out, starting from Joule's 
Jaw, that the electrical power loss due to the flow of a 
current I in a resistance R is I*R. Thus the dimensions 
of current [I] are given by the relation : 


rf „ power ML 3 1 
^ — resistance - T s * R 




and [/] = 

and, as potential difference Y is equal to I x resistance : 
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and, as quantity of electricity q is equal t o I xt: 

[q] =M ll 2 LT ~ 1 PR- 111 . 

And so, as we shall show in the next section, the 
dimensions of all electrical and magnetic quantities can 
be derived. These other dimensions, in terms of M, L, 
T and 5 are given in the tabic on page 101. We ob- 
serve that fractional exponents or indices are necessary 
in these dimensional formulae. 

Quantity of Electricity as a Fourth Dimensional Entity. 
Quantity of electricity is another magnitu de which is used 
as a fourth dimensional entity, and this use can bo justi- 
fied on two grounds. First, that a unit of quantity can 
be objectively defined in terms of the mass of a metal 
electrolytically deposited from a specified solution, and 
secondly, that the dimensional formulae in which quan- 
tity is used as a fourth entity are simpler than those in 
which, resistance, permittivity or permeability are so 
used. The dimensions of olectrical magnitudes in 
terms of M, L, T and quantity Q are worked out, 
starting from the principle that quantity x potential 
difference is equal to electrical energy, so that voltage 
=energy -^quantity. Thus, the dimensions of potential 
difference [ F] are given by : 

m=~-x±=ML’T-’Q-K 

As current is quantity divided by time : 

[I] = T-'Q, 

and as resistance is equal to V ~-I : 

[K\=ML-T-'-Q-' x Q~ l T= 

Resistivity p is defined by the equation R — ^ , where 
l is the length and a the cross sectional area of a con- 
ductor, so that p=—j~ and p has the dimensions 
R x length. Thus: * 

[ P ]=RxL=ML 3 T~ i Q- t . 
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Reactance and impedance, each defined as a ratio 
V —I, have the dimensions of resistance. 

Reactance is proportional to inductance x frequency, 
so that the dimensions of inductance are those of 
reactance —frequency or of reactance xtime. Thus : 
[Inductance] = ML*T-'Q~* x T^ML 2 Q~\ 
Induced e.m.f. giving a potential difference V is 


by time Thus . * 

xlT]=MLW-*Q-', 

and flux density, B, or total flux divided by area has 
the dimensions given by . 

[£]=[#] —L*~MT l Q l . 

Magnetising force II in suitable units is equal to 
current x turns of winding divided by length, so that, 
as turns of winding is a pure number • 

[tf]=E/]-£=£- , 2’- i e, 

and as permeability is equal to B —H : 

fo*) = iHT-'Q-i x LTQ-' = MLQ ~ *. 
Capacitance C, being defined by q — V, has the 
dimensions . 

[C] = Q x M-'L-*T*Q = M-'L-'T'Q*. 

We have seen on page 92 that capacitance has the 
dimensions L x [*], where [k] stands for the dimensions 
of permittivity. Thus : 

M = [<?] -rL=M~ 1 L-*T s Q*. 

We see that no fractional indices occur in the dimen- 
sional formulae in terms of M, L, T and Q. To those 
not highly expert in algebraic manipulation, fractional 
indices introduce a difficulty and a complication in 
dimensional analysis, and the complete avoidance 
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The dimensional equation is, then : 

=[ML*T~*y x {ML*Q -*]» x [ML'T^Q-*]*, 
and, equating dimensions of M, L, T and Q, we obtain : 
l=K+y+2, 

2—2x+2y-\-2z, 

-2= -3 z-s, 

0 = -2y-2z. 

Prom these equations, of which it may be noted the 
first and second are identical, we easily obtain : 
x~l, Z— — I, and y = l. 

The required relationship is therefore : 

N 

Torqne=b xfx^' 
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